


A I D J E X  B U L L E T I N  No. 2 
O c t o b e r  1970 

Theore t ica l  D i s c u s s i o n s  

INTRODUCTION 
THE KINEMATICS AND MECHANICAL BEHAVIOR OF PACK I C E :  THE 
STATE OF THE SUBJECT 

--D. A. R o t h r o c k  : . . . . . . . . . . . . . . . . . . . . . . . .  1 

LATEST EXPERIMENTS WITH I C E  RHEOLOGY 
--W. C a m p b e l l  and A. R a s m u s s e n  . . . . . . . . . . . . . . . . . .  11 

NOTES ON A POSSIBLE CONSTITUTIVE LAW FOR ARCTIC SEA I C E  
--R. J. E v a n s  . . . . . . . . . . . . . . . . . . . . . . . . . .  13 

THOUGHTS ON A VISCOUS MODEL FOR SEA I C E  
--John W. G l e n  . . . . . . . . . . . . . . . . . . . . . . . . . .  18 

THE PRESSURE TERM I N  THE CONSTITUTIVE LAW OF AN I C E  PACK . . . . . . . . . . . . . . . . . . . . . . . . .  --D. A. R o t h r o c k  28 

A STUDY OF I C E  DYNAMICS RELEVANT TO A I D J E X  
- - H a r o l d  S o l o m o n  . . . . . . . . . . . . . . . . . . . . . . . . .  33 

TECHNIQUES FOR MEASURING STRAIN RATE 
- - A l a n  Thorndi ke . . . . . . . . . . . . . . . . . . . . . . . . .  51 

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . .  61 

POWER SPECTRUM ANALYSIS OF I C E  RIDGES (1 a s t - m i n u t e  addi t ion)  
- - W i l l i a m  D. H i b l e r  I11 and Leonard A. L e S c h a c k  . . . . . . . . .  66 

Second printing October 1971 



AIDJEX BULLETIN No. 2 

October 1970 

THEORETICAL DISCUSSIONS 

(Second Printing October 1971) 

Arctic Ice Dynamics Joint Experiment 
Joseph 0. Fletcher, Program Coordinator 

Division of Marine Resources 
University of Washington 
Seattle, Washington 98105 



FOREWORD 

Much progress in formulating theory of pack-ice dynamics is needed 

to make the AIDJEX field measurements most rewarding. Unresolved questions 

remain which affect experiment design. 

appropriate space scales for various stress and strain measurements; 

how large are the sampling errors; and what are realistic accuracy 

requirements for field measurements? Also, mathematical simulation 

models must be further developed both to fully utilize AIDJEX results 

for ice prediction and to complement global models of atmospheric and 

oceanic circulation. 

For example, what are the most 

A working group on Ice Dynamics Analysis and Simulation will 

consider these and other theoretical questions at a seminar on 

November 13 and 14 at the University of Washington. 

The informal papers in this Bulletin demonstrate the continuing 

AIDJEX discussion that has been going on here. 

material for the working group as well as an opportunity for all AIDJEX 

participants to listen in on the continuing discussion. 

They are background 

The next issue will extend the theoretical discussion to include 

Soviet authors in an attempt to more clearly reveal the frontier of under- 

standing. 

Joseph 0 .  Fletcher 
AIDJEX Coordinator 



INTRODUCTION 

THE KINEMATICS AND MECHANICAL BEHAVIOR OF PACK ICE: 
THE STATE OF THE SUBJECT 

by 
D. A. Rothrock 

How does pack i c e  move? We know t h a t  i t  i s  pushed about on t h e  

s u r f a c e  of t h e  oceans by t h e  winds and t h e  ocean c u r r e n t s ,  by body 

f o r c e s ,  and by t h e  j o s t l i n g  of neighboring ice ,  b u t  our q u a n t i t a t i v e  

understanding of both t h e  d r i v i n g  f o r c e s  and t h e  mechanical behavior of 

pack i c e  i s  meager. 

The body f o r c e s  are t h e  b e s t  understood bu t  t h e  least important.  

The stress caused by t h e  t i m e -  and space-dependent t u r b u l e n t  f lows i n  

t h e  f l u i d s  bounding t h e  ice  above and beneath can be c rude ly  p red ic t ed .  

The l ea s t  understood of t h e  elements of pack-ice dynamics is  t h e  mechanical 

behavior of t h e  pack. And i n  o rde r  t o  c o n s t r u c t  t h e o r i e s  o r  models of 

t h i s  behavior ,  one must f i r s t  have an understanding of t h e  kinematics  of 

t h e  pack ice. Th i s  s u b j e c t ,  t oo ,  is  poorly understood. It i s  with t h e s e  

topics--the kinematics  and t h e  mechanical behavior of pack ice-- that  t h i s  

i s s u e  of t h e  AIDJEX B u l l e t i n  is  concerned. 

PACK-ICE KINEMATICS 

The v e l o c i t y  f i e l d  of pack ice  v a r i e s  i n  space and i n  t i m e ,  s o  t h a t  

even a l a rge - sca l e  f e a t u r e  of t h e  motion, such as t h e  Beaufort Sea  Gyre, 

i s  cont inuously changing i n  s i z e ,  shape, i n t e n s i t y ,  and l o c a t i o n .  

Our experimental  d a t a  about t h i s  complicated v e l o c i t y  f i e l d  c o n s i s t  

of t r a c k s  of s i n g l e  f l o e s  and t r a c k s  of a r r a y s  of s e v e r a l  f l o e s .  Only a 

few a r r a y s  have been t racked and, except f o r  t h e s e ,  d a t a  have seldom been 

obtained f o r  more than one o r  two t r a c k s  a t  any given t i m e .  Hence, we  

know almost nothing of t h e  time-dependence of t h e  f i e l d  of motion. 
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If the data from many tracks are superimposed, a general pattern 

emerges which delineates the Beaufort Sea Gyre and the Transpolar Drift 

Stream. But it must be realized that such a pattern may bear scant relation 

to an actual instantaneous velocity field. 

The array data reported by Bushuyev -- et al. (1967) portray most 
realistically of any to date a real phenomenon on temporal and spatial 

scales relevant to ice movement in the central arctic. Locations of the 

four stations, lying roughly at the corners of a square 100 km on a side, 
were recorded daily. The spatial coherence of the motion is remarkable--a 

similar curlicue occurs nearly simultaneously in each of the otherwise 

fairly straight tracks. 

Can the ice pack be regarded as a continuum? That is, if properties 

are resolved only to the nearest, say, 100 km, will they appear to be 

continuously varying? The Soviet data just mentioned seem to suggest so, 

but there are so few array data yet available that they are barely signifi- 

cant statistically. Thorndike (p.51 of this Bulletin) has described a 

method for calculating the strain-rate tensor from array data on the 

assumption that a continuous deformation field exists. 

Can pack ice behave as a noncontinuum? Suppose that, in a significant 

regime of motion, floes freeze together into aggregate plates which may 

measure hundreds of kilometers across, and which can retain their integrity 

for days or longer before fracturing and refreezing into new plates. The 

relative motion would necessarily be concentrated at the boundaries of the 

plates which would be regions of large shearing motion, of intense pres- 

suring, and of generally violent floe interaction and deformation. Could 

the Soviet array have been locked into such a plate or bisected by a slip 

line between plates? There is no way to tell. Data currently available 

are insufficient to test this possibility. 

There is reasonable observational evidence that pack ice exhibits 
deformation mechanisms which operate on large scales. In some regions, 

especially along the boundaries of the Transpolar Drift Stream, systems 

of polynyas can be observed, regularly spaced, tens of kilometers apart. 
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We cannot at present say whether, on the time scale of a day, pack 

Data from four-station arrays are ice can be regarded as a continuum. 

inadequate to resolve this question. What is needed is simultaneous data 

sampled at enough points to define the flow field over most of the Arctic 

Ocean. 

1970's. 

Such a project is planned by Soviet scientists for the early 

PROPERTIES OF PACK ICE 

It. stands to reason that, on a large scale, the kinematics and 

mechanical behavior of pack ice strongly interact with properties which 

characterize pack ice--especially with the statistics of the floe geome- 

tries. To date, this subject has received almost no theoretical or 

experimental attention. 

The prediction of large-scale mechanical behavior from assumptions 

about actual mechanisms of floe interactions might be called a "mechanistic" 

theory. Presumably, such a theory would require information about the 

relative abundance of different size floes, about shape of floes, and 

about the arrangement of floes--especially the amount of open water and, 

perhaps, its geometry. The first mechanistic theories are those by 

Timokhov (1967 b and c) and Solomon (p. 33 of this Bulletin). 

Not only does the motion depend on pack-ice properties, but the 

motion also is one of several factors which determine and maintain the 

state of the pack--in particular, the topographical features of the upper 

and lower surfaces. These features are maintained by a dynamic balance 

between, on the one hand, the crushing and piling of ice into ridges or 

hummocky areas and, on the other , the leveling tendencies of preferential 
melting and freezing and of snowfall. 

the surface topography--especially for predicting wind and water stress, 

but also for estimating the volume and, thus, the mass of ice--has 

motivated a good deal of research on the structure of pressure ridges. 

This work has been recently reviewed by Weeks and Kovacs (1970). 
kinematics of ridge formation are now partially understood, although 

The need for an understanding of 

The 
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the dynamics of these processes and their relation to large-scale 

deformation has received no attention. 

Ridging is just one aspect of floe interaction; it has attracted 

attention both because it is an easily visible feature and because of the 

importance of the topography it creates. But of other mechanisms of floe 

interactions--for example, simple bumping and pushing--little is known. 

Some work on this subject is planned for the 1971 AIDJEX pilot studies. 

Soviet scientists have recently shown interest both in the formula- 

tion of mechanistic models and in the measurement of properties which may 

be relevant to these models. Gorbunov and Timokhov (1968) have described 

measurements of floe sizes, relative velocities and angular velocities by 

by means of aerial photographs. Some of the correlations they find between 

various properties seem tenuous; and, unfortunately, there are no data to 

permit correlations between these properties and large-scale deformation, 

winds, and currents. 

With the strides being made in remote sensing of ice and with the 
potential of automated pattern recognition, our understanding of the 

relationships between motion and pack properties should mature rapidly. 

THE EQUATIONS OF MOTION 

It is assumed in the remainder of this note and in the other notes 

in this Bulletin that field variables possess as many continuous deriva- 

tives as appear in the equations. These variables may correspond to actual 

pack variables only in certain spatial or temporal averages. 

later generalize this restriction to allow for lines of discontinuity 

within the field to describe such large-scale features as Peary's "Big 

Lead. 'I  

We could 

We apply the balance principles only to the ice as opposed to, say, 
The concentration some upper oceanic layer which includes water and ice. 

(or mass per unit area) we denote by m . An element of matter has 

velocity u or ( u l ,  u 2 )  in a plane defined by Cartesian axes ( x ~ ,  x2). 
- 
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The rate of i n c r e a s e  of mass i n  t h e  area wi th  r e s p e c t  t o  t i m e  t 
must equal  t h e  rate of n e t  i n f l u x  of mass p l u s  t h e  rate of formation CP 
of mass by a c c r e t i o n ,  by t h e  f r e e z i n g  over of open water, and by s o l i d  

p r e c i p i t a t i o n  deposi ted on e x i s t i n g  ice. Thus, w e  have 

- = -  am d i v - ( & )  + @ a t  

Note t h a t  t h e  process  of r idg ing  does no t  c o n t r i b u t e  t o  

r ea r r anges  e x i s t i n g  ice  i n  a way which u s u a l l y  f a v o r s  a l o c a l  convergence 

of t h e  v e l o c i t y  f i e l d  . 

CP bu t  simply 

The m a s s  ba l ance  equa t ion  (1) i s  exact and independent of any assump- 

t i o n s  ablout t h e  e x i s t e n c e  of t h e  n a t u r e  of f l o e s  o r  of open water o r  o f  

f l o e  i n t e r a c t i o n s .  However, s i n c e  open water i s  s o  important i n  c o n t r o l l i n g  

v e r t i c a l  h e a t  exchange and f a c i l i t a t i n g  nav iga t ion ,  i t  would b e  u s e f u l  t o  

in t roduce  i t  i n t o  t h e  theory.  W e  t hus  r e p l a c e  t h e  no t ion  of a s i n g l e  

material by a model w i th  two species--open water and ice. The f r a c t i o n  of 

area covered by i c e  is  c a l l e d  t h e  compactness N , and must s a t i s f y  

I f  t h e  ice  were spread evenly over t h e  f r a c t i o n  of area i t  a c t u a l l y  covers  

(and no t  over open wa te r ) ,  i t s  th i ckness  would be H .  (Were i t  spread 

evenly over t h e  whole area, t h e  th i ckness  would be H*N .) 

The d e f i n i t i o n  of compactness i s  f a i r l y  p r e c i s e  i n  theory.  Because 

sea ice  co,ntains vo ids ,  t h e r e  i s  some l a t i t u d e  i n  spec i fy ing  t h e  mean 

d e n s i t y  p of i c e  and t h e  th i ckness  H --except t h a t  t h e i r  d e f i n i t i o n s  

must b e  c o n s i s t e n t  and s a t i s f y  t h e  i d e n t i t y  

m = p H N  . (2) 

We t a k e  p t o  b e  a cons t an t ,  whereas H and N can now both be indepen- 

dent  v a r i a b l e s .  

The equat ion of m a s s  balance can be replaced by two equat ions:  
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that of thickness balance 

~ N E = Q ~ + ~ Y  Dt , 

where - = - a + u - v  Dt at 

the rate of formation of mass by accretion and 
Q l  = precipitation 

the logarithmic rate of increase of thickness by Y =  deformation, as seen moving with the ice; 

and the equation of compactness balance 

pN = -m diva& + Q2 - mY , ( 4 )  

the rate of formation of mass by freezing where Q 2  = of open water. 

Equation ( 4 )  is obtained by subtracting ( 3 )  from (1) with the proviso 

that all mass-forming processes are accounted for in either Q1 or O 2  

so that 

Q 1 + Q 2 = 0  . 

The equation of conservation of mass per unit area 

am - - = -div*(mu) at 

was first suggested to apply to pack ice by Drogaitsev (1956) (with a 
sign error). Nikiforov (1957) hypothesized that the same equation should 

be applied to compactness rather than to concentration. A mass balance 

equation equivalent to (1) was discussed by Untersteiner (1963). Timokhov 

(1967~) suggested an equation for compactness in which Y is included 

and Q 2  is not. The most satisfactory inclusion of considerations of 
mass balance has been Doronin's (1970) calculation of summer ice condi- 

tions in the Kara Sea. In that work, the momentum equation, as well as 
equations ( 3 )  and ( 4 ) ,  both with Y = 0 , are solved simultaneously. 
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(Even th.ough it does not appear in Doronin's differential equation of 

compactness balance, a term like Q 2  is included in the calculation.) 

Our understanding of the term 'Y is extremely meager, and it 

is not surprising that it has, to date, been included in only one investi- 

gation (Timokhov, 1967~) of ice dynamics. Since deformation mechanisms 

almost invariably pile ice up, 'Y 

The first new attempts to include it may treat it as a parameter. 

Eventually it must be included as a function of kinematics and pack-ice 

properties. 

is almost invariably zero or positive. 

Unlike the equations of concentration, thickness, and compactness 

balance, the momentum equation 

Dui acr 
(5) 

ij m - = m B .  Dt 2 + S .  7, + ax , for i j = 1 2 ,  
j 

has received a good deal of attention. 

The body force per unit mass Bi includes the Coriolis force and 

the component of gravity along the sea surface. 

The net stress Si 
water stress and any addition of momentum associated with mass addition. 

If a wind stress of magnitude S acts on an ice pack of compactness N , 
the question arises whether the stress to be used in equation (5) should 
be S 017 S*N or S . f ( N )  , where f is some empirically obtained 

function,, It seems that much of the stress S ( I  - N) acting on open 

water will be transmitted from the water to the ice--at least when N is 

near unity--so that effectively all of S acts on the ice. But then one 

must take care in characterizing the water stress. And doesn't this imply 

that the mass of the upper water in leads should be included in the 

momentum equation for the ice? 

applied at both surfaces includes the air and 

is the vertically integrated, two-dimensional "ij The quantity 
stress tensor whose units are force per unit length. This is the quantity 
which determines what we have been calling mechanical behavior; it is the 

subject of the next section and of four of the succeeding notes. 
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I f  equat ion (5) i s  t o  be i n t e g r a t e d  numerical ly ,  t h e r e  is  no p a r t i -  

c u l a r  d i f f i c u l t y  i n  r e t a i n i n g  t h e  a c c e l e r a t i o n ,  b u t  t h i s  t e r m  i s  u s u a l l y  

n e g l i g i b l e .  

concen t r a t ion ,  200 gm/cm2. Du ./Dt i s  of t h e  o rde r  of 

A t y p i c a l  va lue  of s u r f a c e  stress is  1 dyne/cm2; of 

2 

- 10-5 cm SecZ* 1 cm/sec - 
1 day (or  l o 3  sec )  

Hence, 

i s  of t h e  o rde r  of 2 x , and t h e  a c c e l e r a t i o n  can b e  neglected.  

This  matter is  s a i d  t o  b e  discussed by Buynitskiy (1951). 

balance,  then,  is  between body f o r c e s ,  s u r f a c e  stress, and t h e  g r a d i e n t  

of t h e  stress t e n s o r .  

The primary 

O f  course,  when two f l o e s  c o l l i d e ,  t h e  t i m e  scale i s  very much 

s h o r t e r  than one day, and t h e s e  small-scale  a c c e l e r a t i o n s  are almost 

c e r t a i n l y  s i g n i f i c a n t  i n  t h e  processes  of f l o e  f a i l u r e  and p res su r ing .  

For a review of work based on t h e  momentum equat ion,  e s p e c i a l l y  of 

v a r i o u s  formulat ions of a i r  and water stress, r e f e r  t o  Campbell (1965). 

W e  now have t h e  system of equat ions (1) and (5) t o  be solved f o r  

m and u , o r  equat ions (2)  t o  (5) t o  b e  solved f o r  m, H ,  N, and u . 
E i t h e r  system of equat ions r e q u i r e s  proper boundary cond i t ions ,  and t h i s  

s u b j e c t  has  received l i t t l e  a t t e n t i o n .  

probably v a r i e s ,  depending p r i m a r i l y  on compactness, between no s l i p  and 

no v e l o c i t y  g r a d i e n t  perpendicular  t o  t h e  boundary (corresponding t o  zero 

shear  s t r e s s ) .  

The boundary cond i t ion  on v e l o c i t y  

The only work on a system of equat ions inc lud ing  both m a s s  and 

momentum balance i s  t h a t  by Doronin (1970) mentioned above. 

THE CONSTITUTIVE EQUATION 

I n  o rde r  t o  i n t e g r a t e  t h e  momentum equat ion,  w e  need a c o n s t i t u t i v e  

equat ion which relates t h e  stress t enso r  t o  o t h e r  v a r i a b l e s  i n  t h e  problem. 

Our ignorance of t h i s  c o n s t i t u t i v e  equat ion has  been t h e  g r e a t e s t  s i n &  

8 
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stumbling block t o  t h e  understanding of ice  dynamics, and i t  is  t h i s  

equat ion  which i s  t h e  s u b j e c t  of f i v e  of t h e  s ix  remaining no te s  i n  t h i s  

B u l l e t i n .  

To t h e  e x t e n t  t h a t  t h e  mechanical behavior of pack ice depends 

physical-ly on pack-ice p r o p e r t i e s ,  t h e  c o n s t i t u t i v e  equat ion  depends 

f u n c t i o n a l l y  on them. A l t e r n a t i v e l y ,  i f  w e  assume t h a t  t h e  p r o p e r t i e s  

are determined by p a s t  s t r a i n ,  t h e  c o n s t i t u t i v e  equat ion  can b e  taken t o  

depend on s t r a i n  h i s t o r y  i n s t e a d  of on p r o p e r t i e s  e x p l i c i t l y .  These two 

formulat. ions simply provide d i f f e r e n t  d e s c r i p t i o n s  of the same phenomenon. 

However, t h e  e x p l i c i t  dependence on p r o p e r t i e s  seems t h e  more appeal ing 

approach. f o r  t h r e e  reasons.  

F i r s t ,  dependence on p r o p e r t i e s  is  phys ica l ly  more bas i c .  The reason 

t h a t  non-Newtonian f l u i d  dynamicis ts  must t u r n  t o  s t r a i n  h i s t o r y  i s  t h e  

d i f f i c u l t y  i n  quant i fy ing  such p r o p e r t i e s  as tangled-ness and o r i e n t a t i o n  

of long-chain molecules.  Charac te r iz ing  pack p r o p e r t i e s  may be  more s t r a i g h t -  

forward. Second, knowledge of some p r o p e r t i e s  would be  u s e f u l  i n  o the r  

a s p e c t s  of t h e  problem. Thi rd ,  t h e  c o n s t i t u t i v e  equat ion  probably depends 

on thermal h i s t o r y  and perhaps even on t i d a l  h i s t o r y  as s t r o n g l y  as on 

s t r a i n  h i s t o r y .  Keeping t r a c k  of a l l  t h a t  h i s t o r y  i s  l i k e l y  t o  be  more 

cumbersome than knowing s e v e r a l  p r o p e r t i e s .  

The assumption t h a t  t h e  stress t enso r  0 depends on t h e  s t r a i n -  ij 
ra te  t enso r  

l e a d s  t o  s e v e r a l  important  conclusions:  

i )  The stress t enso r  must be  an i s o t r o p i c  tensor-valued func t ion  of 

t h e  s t r a i n  ra te  tensor .  This  r e s u l t ,  whose proof i s  given,  f o r  i n s t ance ,  

by Leigh (1965) ,  fo l lows  from t h e  p r i n c i p l e  of material o b j e c t i v i t y  which 

is  a fundamental axiom of modern mechanics. 

r e s u l t ,  t h e  c o n s t i t u t i v e  equat ion  

A s  a consequence of t h i s  
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sometimes proposed for a "linear, anisotropic fluid," cannot represent a 

real material. 

ii) The most general relation between the (two-dimensional) stress 

tensor and the strain-rate tensor is 

0 = A(E,,E,) 6ij + B(E , ,E2)  e i j  i j  

where A and B are arbitrary scalar-valued functions, and E ,  and E ,  

are the two invariants of the strain-rate tensor. This important result 

was brought to the attention of ice dynamicists by Glen in the note 

reprinted in this Bulletin. 

When a nonlinear form of ( 6 )  applies, the material is said to exhibit 

stress-induced (or strain-rate-induced) anisotropy. An existing state of 
stress causes the material to respond differently to an incremental stress 

applied in different orientations. 

This brings us to the point of departure of the remainder of this 

Bulletin. 

model. Four other notes discuss phenomenological approaches to the con- 

stitutive equation: Campbell and Rasmussen describe their recent 

numerical experiments, while Evans, Glen, and Rothrock each consider the 

implications of  more general forms of the constitutive equation. 

Solomon derives a constitutive equation from a mechanistic 
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LATEST EXPERIMENTS WITH ICE RHEOLOGY 

W. Campbell and A. Rasmussen 
U.S. Geological Survey 
Tacoma, Washington 

We have developed a general ice dynamics model in which the 

internal ice stress can be treated in a variety of ways. The flow 

equation includes (in addition to an ice-stress term) an air-stress 

term, a Coriolis term, and a skin-drag water-stress term that depends 

on the ice velocity (relative to a stationary ocean). Realizing that 

it is impossible to verify any model until AIDJEX takes place, we have 

decided to try a series of assumptions on the form of the internal ice- 

stress term in our model, so that by obtaining and comparing solutions 

for the same air-stress driving field we can gain insight into the 

probable rheological properties of the ice canopy before AIDJEX. 

As a second internal ice-stress formulation, we have assumed that 

(1) at any point in the ice pack the viscosity depends only on the 

divergience value, and (2) at that point the viscosity applies equally 

in all directions. Thus the region is made up of areas of convergence 

and areas of divergence in which the material is isotropic but the 

value of viscosity is, respectively, large or small. We refer to this 

model as R-2 (second rheology). 

We have obtained a series of steady-state solutions for a segment 

of free ocean. The effect of the boundary conditions on the open-ocean 

patch is eliminated by choosing a sufficiently large numerical solution 

This work was supported by the Water Resources Division (USGS), 
Spacecraft Oceanography Project (NOD-NASA), Sea Ice Branch (NOO) ,  
and the U.S. Coast Guard. 
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region so that boundary conditions specified at its periphery (no slip, 

as in Reed and Campbell, 1962)  in no way affect the solution within the 

patch; that is., we get the same solution in the patch no matter what 

boundary conditions we impose at the periphery of the solution region. 

We are currently attempting to increase the numerical efficiency of this 

boundary condition elimination. 

Model R-2 gives the same value of convergence and divergence as 

Model R-1" for a given set of viscosity parameters, but the gradients 

of divergence in the region around an anticyclonic air-stress field 

are greater in the former. While the gross features of the divergence 

field are the same for both models for the same air-stress field, many 

smaller flow features are different. Both models show a smaller 

convergence value in the Beaufort gyre than in Campbell's earlier 

model. 

*Editor's note: This mode2 is described on p .  4 of AIDJEX 
BuZZetin No. 1. 
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NOTES ON A POSSIBLE CONSTITUTIVE LAW FOR ARCTIC SEA ICE 

Roger J. Evans 
Department of Civil Engineering 

University of Washington 
Seattle, Washington 

INTRODUCTION 

A flow law pertinent to the dynamics of arctic sea ice is no doubt 
a manifestation of macroscopic phenomena and due probably to interaction 

of separate ice sheets rather than to ice deformation itself. As such, 

an appropriate constitutive law must presently be obtained by phenomeno- 

logical means. The success of Campbell's original model suggests that 

a viscous type model may indeed be appropriate; certain features of the 

Campbell model, however, are open to improvement. This note is prompted 

by discussions at meetings of the Numerical Modeling Committee, by 

John Glen's recent note to the AIDJEX Committee, and by helpful discus- 

sions with Drew Rothrock on the subject. 

A 

ISOTROPIC VISCOUS MODEL 

Suppose we wish to construct the most general isotropic constitu- 

tive law of the form 

This work was supported by the Off ice  of NavaZ Research 
Contract N O 0 1  4-67-A-01 03-0007, NR 307-252, wi th  the University 
of Washington, Department of Atmospheric Sciences 
( N .  Untersteiner, Principal Invest igator) .  

* Index notation is used with Latin indices taking on values 1 or 2. 
T is stress, 2 strain rate. ij ij 
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In two dimensions, the general form of this law is 

(1) ij T = F, 6 i j  + F ,  2 i j  

where F, and F, are both functions of independent invariants of 

2 , say 2! and 8 8 --that is, i j  m m mn 

F ,  = F,(am, 2 8 ) , mn m 

F 2  = F2(km,  8 2 ) . mn mn 

The simplest example of this law is the linear law where 

kk F ,  = A8 

F ,  = 2y 
(3)  

( A, y are constants). 

This is equivalent to Glen's linear law when 

y = q  , A + y = s  . 
Campbell's original law used (1) with 

A + y = O  . 
This is evident by noting that, on using the strain rate-velocity 

equations, 

together with (1) and ( 3 ) ,  the divergence of stress is given by 

that is, 

QT = ( A  + y) V ( V . U )  + yQ2u . 

1 4  



Thus, because on contraction, (1) with ( 3 )  becomes 

omission of the term V(Q.u )  

to considering a fluid with zero viscosity under hydrostatic conditions. 

in the Navier-Stokes equation is equivalent 

:It might be noted here that for incompressible fluids, (1) is 
replaced by 

kk  = O where -p  is a scalar function and F, = F,(&. 2. .) . Here & 

is th2 continuity equation, or incompressibility condition, and - p  

is introduced as an unknown in lieu of the now constant density. p , of 

course, has the significance of hydrostatic stress associated with zero 

strain rate. 

1-c7 23 

The constitutive law for a compressible (Stokesian) fluid includes a 

hydrost:atic term while relaxing incompressibility. Its constitutive 

law is thus 

where F 1  and F are given by (2) .  Because the density is not, in 

general, constant, the addition of - p  requires an additional field 

equation. Since no such state equation appears to exist for sea-ice, 

the laws (1) for the compressible and ( 4 )  for the incompressible case 

(if required) appear appropriate for viscous representation. 

2 

A PROPOSED ISOTROPIC CONSTITUTIVE LAW 

Glen has suggested that an appropriate form of (1) might consider 

F, and F 2  to be functions of Qkk only, i.e., make viscosity depend 

on volumetric strain rate. In particular, F l / & k k  and F 2  might be 

15 



constant functions which change in the neighborhood of a particular 

value of 
Campbell-Rasmussen model and was the form discussed at the Numerical 

Modeling Committee meeting. 

. This is the appropriate invariant form of the em 

Although there appears to be no a priori reason why a linear viscous 

model should provide an adequate constitutive representation (other than 

because of the small velocity gradients occurring), there also appears 

to be no logical reason to suppose that the response should be sensitive 

to volumetric strain rate. The response would surely, however, be 

expected to depend on the presence of open water or thin ice in leads 

between individual ice floes and, since the viscous model has been 

shown to provide quantitatively realistic results, a viscous model in 

which viscosity depends on the areal density or ice concentration 

appears to be the logical extension of the linearly viscous modei, 
Such a model seems essential since the presence of open water between 

floes is surely represented in the most simple manner by the areal 

density which is in turn related to the invariants of strain rather than 

strain rate. Such ideas were, in effect, expressed by A .  Assur at the 

Hanover meeting as well as being the essence of recent Russian work. 

The appropriate constitutive law may be developed by considering 

isotropic constitutive laws for materials for which stress is postulated 

to be a function of strain and strain rate.* Thus if 

where 

[ vk is displacement] 1 e = -(u f v ij 2 i,j j,i + 'k,i"k,j '  

is the spatial (Euler) strain measure, the most general isotropic, two- , 

dimensional form of ( 6 )  is 

- f F,Qij + F,eij f F 2! e 
T~~ - FIGij 4 ik j k  (7) 

'Such materials are called "simple viscoelastic materials"; see, 
for example, A .  C. Eringen's Non-Linear Theory of Continuous 
Media," McGraw Hill, 1962, Chapter 10. 
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where t h e  F ' s  (k=1,2,3,4) are f u n c t i o n s  of t h e  5 j o i n t  i n v a r i a n t s  k 
of h i j  and e t h a t  is ,  ij ' 

= F ( &  h 8 e e e  & e ) .  Fk k m~ mn mn' nn' m mn' m m 

I f  w e  now wish t o  consider  t h e  s imples t  form of (7)  which w i l l  

d e s c r i b e  v i scous  behavior where v i s c o s i t y  depends on s t r a i n  i n v a r i a n t s  

only,  w e  may t ake  

F , = F  = O  , F = F ' 8  F = F '  
4 1 1 kk ' 2 2 

Fa'= Fa'(enn, emnemn) , cz = I, 2 . 

If ,  i n  a d d i t i o n ,  F: and F: depend only on areal d e n s i t y ,  say p, 

w e  may write 

i s  i n i t i a l  [undeformedl d e n s i t y  and p/po is  r e l a t e d  t o  e nn 
and e e by mn mn 

+ 2{em12 - 2 e .  . e .  .] 
ZtJ 23 

P/Po = [I - 2em 

and (6) t h e n  t akes  on t h e  r e l a t i v e l y  simple form 

Typ ica l ly ,  i t  may be reasonable  t o  t r y  i n i t i a l l y  f u n c t i o n s  f o r  

F,' and F2' which are c o n s t a n t s  changing i n  va lue  i n  t h e  neighborhood 

of areal  d e n s i t i e s  corresponding t o  l ead - f r ee  ice. 
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THOUGHTS ON A VISCOUS MODEL FOR SEA ICE 

John W. Glen 
Department of Physics 

University of Birmingham 
Birmingham, England 

(Visiting Professor of Geophysics and Atmospheric Sciences, 
University of Washington, April-August 1970) 

INTRODUCTION 

In the planning of experiments and theories about the movement of 

sea ice, and in particular in the context of a multidisciplinary approach 

such as AIDJEX, it is useful to form some kind of model for the behavior 

of sea ice with which observations can be compared. 

have parameters supplied by experiment, be modified to take account of 

observed discrepancies, and then, hopefully, be used to predict the 

behavior of sea ice from synoptic data. 

considered is the viscous model (Campbell, 1965) in which the ice is 

supposed to behave like a two-dimensional viscous fluid. Such a model 

with a single parameter is clearly a rather wild assumption, but the results 

are sufficiently promising for it to be worth considering how such a model 

might be made more realistic. Such a suggested modification of the 

viscous model* has been proposed by Campbell and Rasmussen (private commu- 

nication). They have proposed that the force equation for sea ice should 

contain the viscous force via a term of the form 

Such a model can then 

One such model which has been 

a 2 ~ i  
i + Ki+- = K.V2vi 1 . a 2v 

ax2 Ki 

This work was supported by the  IVationaZ Science Foundation under 
a Science DeveZopment Grant t o  the University of Washington. 

Editor's  note: CampbelZ and Rasmussen ( p . 1 2  of t h i s  Bul le t in)  
r e f e r  t o  t h i s  modified mode2 as  R - I .  

* 
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This corresponds closely to the term with 

expression for the simple viscous model, but they propose that the value 

shall be itself determined by the magnitude of - Basically of Ki 

they propose that this shall have a large value if - is negative, and 

a small value if it is positive. To prevent the awkwardness of a step 

KV2vi in the corresponding 

avi 
ax * avi j 

ax i 

function, they propose a form for a smoothed step function to determine 

this quantity. 

To be precise about the magnitude to be inserted, they suggest that 

it be determined in coordinates which, at the point in question, are prin- 

cipal axes of strain, so that in these coordinates 

is equal. to zero, and the values of K in the two principal directions 

ai a? is 
a? ax (x, ), - + - 

. The value of K in any other aii 
ar; a7 i are taken as determined by - r 

direction is then determined by an elliptical distribution, so that 

K = K- K- . ( K - ~  sin2 e + K - ~  cos2 e) -'I2 , and 
X X Y  x Y 

K = K- K- (K-~ cos2 e + K - ~  sin2 e )  -1/2 
Y X Y  x Y 

This proposal introduces into the model the idea that ice behaves 

differently under motions in which it is compressed and those in which 

it is extended, but it does so in a way which is not consistent with any 

clear physical picture of the relation between stress and strain rate; 

it also ignores certain terms which should be present if such a picture 

is to be made plausible. Finally, it does not in itself obey normal 

physical Taws f o r  vector relations, and is therefore not invariant with 

respect to choice of axes. It is the purpose of the present note to 

elaborate on these ob jec t ions  to the model proposed, and to suggest 

ways in which a physically more acceptable model might be established. 
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THE PHYSICAL NATURE OF THE CONSTANT K 

In the simple viscous model, the constant K is simply the 
This arises for the Newtonian viscosity of the simple viscous fluid. 

following reason: 

The relation between stress and strain-rate in a simple Newtonian 

viscous fluid is that the stress deviator 0' is related to the strain- 

rate by the equations 

0' = 2T7tij . ij 

That is to say, the different components of the stress deviator are 

proportional to the corresponding components of the strain rate. It 

is understood that the dilatation rate is zero--that is to say, the 

density of the viscous fluid is constant; thus the trace of the strain- 

rate matrix is zero, and of course by definition the trace of the 

stress deviator matrix is also zero. 

The force acting on 

is given by the divergence 

a particle of fluid due to internal stresses 

of the stress tensor 

the Einstein summation convention being used. 

stress, we must first put the stress in terms of the stress deviator 

plus the hydrostatic pressure, and then the first of these terms can 

If we substitute for the 

a& 
axi 
ii be substituted using the viscosity relation to give 2~ 
J 

Finally, we can use the definition of strain-rate, i.e., 

to obtain 
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aU . a The second of these terms can be considered as - 2 
axi [axj] and 

as we 'have said, the flow is considered to be at constant density, it 

is non-divergent, so this term vanishes. The pressure gradient term 

must however remain in the momentum equation unless some additional 

reason exists for its removal. Thus, apart from this pressure term, 

the internal stress term is of the form assumed with the K equal to 
the viscosity. 

When we come to consider a more complicated case, this simplicity 

vanishes. The model proposed differs from the simple one in two impor- 

tant respects: (1) K is not a constant but can vary with direction; 
and (2) it is no longer assumed that the density is constant (this is 

apparent if in two dimensions at right angles the relation between 

stress and strain-rate is altered in different proportions from the 

values they had while preserving the density). The result of the first 

of these changes is that K ceases to be a scalar quantity and we must 
consider what it is; the result of the second is that the assumptions 

we made to get rid of certain terms in the force equation are no longer 

valid, so that other terms will re-enter and should be taken into 

account. 

Consider the first change first. We now have a situation in 

which an equation which interrelates vectors has a non-constant multi- 

plying factor; i.e., the relation between the magnitude of the two 

vectors varies according to the direction of those vectors. This is 

not an unusual situation; it occurs commonly in crystal physics, where 

for example the electric field and the electric polarization have 

different ratios in different crystallographic directions, A s  is shown 

in books on crystal physics (e.g., Nye, 1957), if the relation between the 

the two vectors is a linear one, then the interrelating physical entity 

is a second-rank tensor. Thus if we are to preserve the equation dis- 

cussed in the introduction, K must be a tensor and we should write 
the relation 

F .  = K..V2v . 
1 =J j 
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We might hope that Kij might be a symmetrical tensor (though we have not 

proved it); if it is, then it will itself have principal axes, which 

might be in the directions postulated by Campbell and Rasmussen. In 

these directions if it had principal values K- and K-, then in any 

other direction it would have values given by the normal tensor transfor- 

mation law 

X Y 

= K- cos2 e + K- sin2 e, 
Kxx X Y 

K = K- sin' 8 + K- cos2 e, 
YY x Y 

K = (% - K?] COS e sin e. 
XY 

This is not the law proposed by Campbell and Rasmussen, which indicates 

that their K does not transform like a tensor. In particular they have 

not included the K type of term; i.e., they have not explicitly 

allowed for the fact that unless the direction chosen is a principal 

axis, the force will not be parallel to the vector V2v. It would seem 

a relatively simple matter, however, to use the correct formula rather 

XY 

than the one postulated by Campbell and Rasmussen. I 

However, the other objection raises more serious problems. The 

simple equation with K having this simple second-rank tensor form does 

not follow naturally from simple assumptions about the relation between 

stress and strain-rate, and the terms in divergence of velocity are not 

easily disposed of. The relation between stress and strain-rate is a 

relation, not between two vectors, but between two second-rank tensors. 

A s  shown in, e.g., Nye (1957), the kind of entity which enters here is 

a fourth-rank tensor; i.e., the relationship should be written 

in general. In the conventional Newtonian case we do not have to go 
even to the complications that occur in isotropic, Hookean elasticity 

(where there are two independent elastic constants, normally taken as 
any two of the shear modulus, bulk modulus, Young's modulus, and 

Poisson's ratio). This is simply because the Newtonian liquid is 
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assumed to be elastic with regard to changes of volume, and the shear 

alone is reckoned to be viscous; then the only possibility for both 

isotropy and linearity is for all the c.oefficients of the tensor to be 

equal to each other. 

However, once we treat sea ice as not being elastic for compres- 

sions or extensions of a "hydrostatic" nature--i.e., in our cases 

increases or decreases of area--we are then faced with having a more 

complex viscosity, and even for an isotropic material with linear 

response there will be two viscous coefficients. The best pair to 

consider is a shear viscosity (because this corresponds exactly to the 

o l d  viscosity in constant-volume materials) and a bulk viscosity, which 

relates the rate of increase or decrease of area with the stress 

required to produce it. 

and would have two parameters; but they are not the two parameters of 
Campbell and Rasmussen's model. How this could be done is considered 

below. 

the bulk viscosity different values according to whether the ice area 

is increasing or decreasing, or according to whether it was above or 

below a certain value. Again this would not reproduce the Campbell- 

Rasmussen model, and it would be essentially a three-parameter model. 

Such a viscous model could easily be set up 

It would also be thinkable to further modify this model to give 

Perhaps the best hope for getting something similar to the 

Campbell-Rasmussen model out of a viscous relation between stress and 

strain is to assume (1) that the principal axes of stress and strain 

are parallel, and (2) that in these principal axes 0- is related to L 
by a K,, that is determined by Campbell and Rasmussen's formula. 

This would be to assume no "Poisson's ratio" type of terms (which 

would correspond to having a K in our present notation) in these 
principal axes. Since different values of K are assigned if the princi- , 

pal stresses are positive o r  negative, it would also carry the 
consequence that a simple shear stress (where the principal stresses 

are equal and opposite) would not produce a simple shear strain-rate, 
but would result in the material increasing fairly rapidly in area. 

X X 

XX 

XY 

Even this suggestion, although it would result in giving the 
terms Campbell and Rasmussen have, would also introduce further terms, 
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for the direction of the principal stresses will in general vary with 

position. Although in principal axes at any one point there will not 

be any a,, , it will not in general be true that there is not a 
a0 aD.,- 

az ax4 

"Y 
ij xy , and this will introduce a further term when is calculated. 
J 

It will also not be true that area is preserved; thus the term in the 

divergence of velocity must also be taken into account. 

Since the model seems to have little physical basis, it is 

suggested that, rather than make these complications, a physical model 

based on more comprehensible relations between stress and strain-rate 

be tried. If, however, actual field experiments can establish what is 
the relation between stress and strain-ratey then it will be possible 

to see which law is nearest to reality, and perhaps this two-parameter 

one should be remembered as a possible model. 

A PROPOSED PHYSICAL VISCOUS MODEL 

Let us assume that sea ice is viscous, and that it has a viscous 

relation not only between shear stresses and shear strain-ratesy but 

also between "hydrostatictt (2-dimensional) compressions and area changes. 

The best way to represent this is to split the strain-rate tensor into 

two parts by defining a strain-rate deviator 

Then the relation between this strain-rate deviator and the stress 

deviator can be left exactly as in normal viscous theory as 

0' = 2 n y j  ij 

and the relationship between the compressional stress and strain-rate 
can similarly be put as 

a = 25tii . ii 

This new constant 5 is the bulk viscosity, a quantity already intro- 

duced in conventional physics of fluids to account for the damping of 
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compressional vibrations. However, in our case we postulate that this 

is the sole response to a change of area. It is of course open to us 
to let this constant have different values according to whether the area 

is increasing o r  decreasing; although if we tamper with it in this way 
we must remember what we are doing if we bring the constant through a 

differential coefficient--this is allowable only if the "constant" is 

not changing with the variable concerned. We could also arrange that 

this coefficient varied when the areal density reached some particular 

value, thus allowing for the fact that if a quantity of sea ice expands 

and then at once begins to contract again, large forces are not to be 

expected until its areal density has returned to some particular value. 

We can now calculate the force acting due to internal stress. 

Using the result mentioned in the introduction, 

ad 
ax 2 axi 
j 

ij 1 aOkk + - -  - - 

We can now substitute for the strain-rate, but since ,t is the strain- 

rate deviator that is included, we must write this in terms of the 

strain-rate and the trace using the first equation on page 2 4 :  

a2u a 2Uk 
Now two of these terms cancel, because - and 8 ij are both 

J k  
ax. ax 
J i  

equal to - a V.U. Thus the final equation can be written ax, 

Fi = nV2 ui + 5 - v-u . ax i 
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This is the viscous model proposed in this note, either with two constants 

q and < , or, if the sophistication is desired, with a < which varies 

according to the sign of V - i i .  

MORE GENERAL MODELS 

If it is necessary to abandon the linear viscous model, even with 

the modification of two different viscosities for positive and negative 

areal strain-rates, then it may still be possible to retain initial 

isotropy as an assumption. If this is so, we can use the general theory 
of the relation between tensor quantities (see, e.g., Glen, 1958). It 

can be shown that the most general relation between two second-rank 

tensors such as stress and strain-rate in two dimensions is of the form 

0 = AGij + BEij 
ij 

where A and B are general functions of the two invariants of the strain- 

rate tensor. These invariants can be taken as the principal values, or 

alternatively as E and E f: . The two special cases of this law ii ij ij 
~~ 

considered above are of course of this type. The one which gives the 

nearest approach to the Campbell-Rasmussen model is expressed in terms 

of the invariants in principal value form; the one considered in the 

preceding section has A as a function of 

However, a general law will in general have both A and B as functions 
of both invariants. 

C only and B as a constant. ii 

A particular form of the law is that for ideal plasticity. 
law has proved useful in glacier flow theory, where also a viscous 

model was first tried and gave instructive results, showing for example 

why the center moved faster than the sides, and giving the general 
reason for marginal crevasses. The ideal plastic law is another 
approximation to the true law; it has given a further set of insights, 

including in particular an explanation of shear planes and of extending 
and compressing flow. It might be expected that an ideal plastic model 

This 
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of sea ice might explain discontinuous shear planes at points where sea 

ice encounters obstacles. A difficulty, however, is that existing 
plasticity theories all assume constant volume (equivalent in 2-dimensions 

to constant area). If the possibility of areal change is to be retained, 

a new approach to plasticity theory will be required. 
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THE PRESSURE TERM I N  THE CONSTITUTIVE LAW OF AN I C E  PACK 

D.  A. Rothrock 
Research Associate  i n  Atmospheric Sciences 

Un ive r s i ty  of Washington 
S e a t t l e ,  Washington 

I f  one sets out  t o  w r i t e  f i e l d  equat ions capable of desc r ib ing  t h e  

thermodynamics and t h e  dynamics of the i c e  pack, t he  c b n s t i t u t i v e  l a w  

governing t h e  pack p r e s e n t s  one of t h e  f i r s t  u n c e r t a i n t i e s .  I f  t h e  

pack i s  assumed t o  behave as an i s o t r o p i c  f l u i d  ( i n  two dimensions), 

t h e  stress t enso r  i s  of t h e  form 

o = -ptjij + 6 . .  <eRk) , (1) 
i j  1J 

where p i s  the  p r e s s u r e ,  6 is  t h e  Kronecker d e l t a  and aij i s  an i j  

i s o t r o p i c  t enso r  func t ion  and must vanish when t h e  s t r a i n - r a t e  t e n s o r ,  

- + %I, vanishes .  For a l i n e a r  viscous f l u i d ,  axk axR 

where W O  and <>O are r e s p e c t i v e l y  t h e  v i s c o s i t y  and t h e  bulk v i s c o s i t y  

of t h e  f l u i d ,  and 

i s  t h e  d e v i a t o r i c  s t r a i n - r a t e  t enso r .  Whether a l i n e a r  viscous f l u i d  

i s  termed Newtonian f o r  a l l  r) and 5 o r  only when 5 = 0 o r  eRR = 0 

~ _ ~ _  -~ ~ 

This work w a s  supported by t h e  Of f i ce  of Naval Research 
N0014-67-A-0103-0007, NR 307-252, w i th  t h e  Un ive r s i ty  of Washington, 
Department o f  Atmospheric Sciences (N. U n t e r s t e i n e r ,  P r i n c i p a l  
I n v e s t i g a t o r ) .  
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is  a moot p o i n t ,  s i n c e  Newton only proposed i n  words t h a t  f l u i d  resis- 

tance be considered p r o p o r t i o n a l  t o  v e l o c i t y  d i f f e r e n c e s  ( [ 3 ] ,  p .  6 ) .  

It i s  t h e  purpose of t h i s  n o t e  t o  d i scuss  t h e  consequences of 

t h e  rete .nt ion o r  omission of t h e  t e r m  (-p6..)  i n  equat ion (1). 
1J  

AN EXAMPLE 

Consider t h e  equiangular  s p i r a l  p re sc r ibed  i n  c y l i n d r i c a l  coordi- 

n a t e s  ( r , 0 )  by t h e  v e l o c i t y  components (ur , 
u = - U r  r 
u B -  - -  k U r  

1 
s o  t h a t  = U(l + k2)* r . 

L e t  U be a p o s i t i v e  cons t an t .  

The divergence of t h i s  v e l o c i t y  f i e l d  i s  everywhere equa l  t o  -2U. 

Furthermore, t h e  s t r a i n  ra te  t e n s o r  i s  i s o t r o p i c  and independent of 

r and 8 ,  s o  t h a t  t he  g r a d i e n t  of 6 i n  t h e  momentum equat ion is  ze ro ,  

and the  pack o f f e r s  no r e s i s t a n c e  t o  t h i s  converging motion by means of 

8 

i j  

This i s  s o  whether t h e  dependence of 6 on eRk i s  l i n e a r  o r  n o n l i n e a r .  
i j '  i j  
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I n  Campbell's (1965) model of t h e  ice  pack as a viscous material, 

t h e  bulk v i s c o s i t y  5 i n  equat ion (2)  is  taken t o  be zero,  and t h e  p re s su re  

t e r m  i n  equat ion (1) i s  n o t  included.  Campbell no te s  t h a t  t h e  model 

p r e d i c t s  too r a p i d  a convergence i n  t h e  Beaufort  Sea. 

i n  Campbell's model is  n o t  equiangular ,  i t  e x h i b i t s  an  i c e  speed which 

i n c r e a s e s  a long a s t r a i g h t  l i n e  through t h e  c e n t e r  of t h e  gyre,  roughly 

i n  p ropor t ion  t o  t h e  d i s t a n c e  from t h e  c e n t e r ,  as i n  t h e  a n a l y t i c a l  

example descr ibed above. I t  i s  suggested h e r e  t h a t  i t  is  a p r e s s u r e  

g r a d i e n t  and n o t  viscous stress g r a d i e n t s  t h a t  should oppose and r e t a r d  

t h e  l a r g e  convergence observed i n  t h a t  model. 

Although t h e  gyre 

The mathematical reason f o r  t h e  high convergence i n  Campbell's 

(1965) model i s  t h a t  t h e  omission of p re s su re  from t h e  stress t e n s o r  

allows t h e  two s c a l a r  momentum equat ions t o  be solved f o r  t h e  v e l o c i t y  

f i e l d  without  r e fe rence  t o  t h e  c o n t i n u i t y  equat ion which, f o r  cons t an t  

mass p e r  u n i t  area, relates t h e  divergence of t h e  v e l o c i t y  f i e l d  t o  t h e  

ra te  of product ion of ice  by thermal processes .  

It  might b e  mentioned h e r e  t h a t  Doronin (1970) uses a c o n s t i t u t i v e  

l a w  which omits a p r e s s u r e  t e r m ,  and adopts  v i s c o s i t y  p ropor t iona l  t o  t h e  

compactness (areal  f r a c t i o n  of ice  cover) which is a dependent v a r i a b l e .  

H i s  c a l c u l a t i o n  a l s o  inc ludes  thermal e f f e c t s  which change t h e  th i ckness  

of e x i s t i n g  ice  and permits  ice  product ion on open water. I t  i s  n o t  

p o s s i b l e  t o  e v a l u a t e  t h e  relative m e r i t  of any p a r t i c u l a r  a s p e c t s  of h i s  

c o n s t i t u t i v e  l a w .  However, c a l c u l a t i o n s  which inc lude  thermal e f f e c t s  

reproduce t h e  observed ice cond i t ions  more c l o s e l y  than those  which inc lude  

no thermal e f f e c t s .  

That t h e  above argument is  even more t r a n s p a r e n t  i n  r ec t angu la r  

geometry has  been po in ted  out  by H.  Solomon. Consider t h e  v e l o c i t y  (u,v) , 

= (-Cx , 0)  i n  Car t e s i an  coordinates  (x ,y ) .  Again, t h e  convergence of 

t he  v e l o c i t y  f i e l d  i s  C everywhere, and t h e  s t r a i n  rate t e n s o r  i s  cons t an t  

s o  t h a t  no stress g r a d i e n t s  can develop t o  oppose t h e  motion. Again, 

t h i s  is  s o  f o r  l i n e a r  o r  non-linear i s o t r o p i c  f l u i d s .  
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ANOTHER EXAMPLE 

Fie now consider  a flow i n  which t h e  re la t ive  v e l o c i t i e s  of p o i n t s  

w i t h i n  a f i n i t e  area are zero.  I n  p a r t i c u l a r ,  suppose a s t eady  on-shore 

wind has  pushed t h e  pack a g a i n s t  t h e  sho re  u n t i l  t h e  i c e  i s  q u i t e  compact . 

and has  come t o  rest b u t  remains under t h e  in f luence  of t h e  s t eady  wind. 

The s t r a i n - r a t e  t e n s o r  i s  now i d e n t i c a l l y  zero,  and i j  i s  a l s o  zero 

and cannot balance t h e  wind stress. It i s  t h e  p r e s s u r e  gradien. t  - 2 
66 
6 X  
- 

j 

i 
which provides  t h e  necessary balance j u s t  as i t  balances t h e  g r a v i t a t i o n a l  

body f o r c e  a c t i n g  on a s t a t i c  volume of f l u i d .  

CONCLUSION 

P res su re  g r a d i e n t s  are undoubtedly p r e s e n t  i n  t h e  i c e  pack. The 

s c a l e s  over which they are  important remain t o  be determined. It should 

n o t  be argued t h a t  t h e  s i m p l i c i t y  of t h e  above examples i s  cause t o  

ignore  t h e i r  i m p l i c a t i o n s .  It ha rd ly  seems sound t o  expect t h a t  a cons t i -  

t u t i v e  l a w  which f a i l s  t o  desc r ibe  simple motions can a c c u r a t e l y  d e s c r i b e  

more complicated motions. 

T h e  most troublesome consequence of i nc lud ing  p r e s s u r e  i n  t h e  

stress t e n s o r  i s  t h e  n e c e s s i t y  of r e l a t i n g  p res su re  t o  o t h e r  v a r i a b l e s .  

I f  i t  is  a s t a t e  v a r i a b l e ,  t h e  o t h e r  s t a t e  v a r i a b l e s  t o  which i t :  i s  

r e l a t e d  are no t  obvious a t  p r e s e n t .  Poss ib ly  t h e  equat ion of s t a t e  

involves  p r e s s u r e  and p r o p e r t i e s  r e l a t e d  t o  t h e  s p a t i a l  d i s t r i b u t i o n  

and ene rg ie s  of t h e  fundamental elements of t he  medium, namely s l a b s  of 

sea i c e .  The ene rg ie s  involved might be k i n e t i c ,  as is suggested by 

H .  Solomon, o r  s t r a i n  energy o r  both.  
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I. GENERAL COMMENTS ON AIDJEX 

The purpose of AIDJEX is to conduct basic research into the 

dynamics of the pack ice in the Arctic Ocean. 

by means of coordinated theoretical and field investigations. The field 

work is to consist primarily of simultaneous measurements of position 

and of the forces acting on the ice at several points in the ice pack. 

The theoretical modeling effort is of central importance, as the theory 

is the only useful guide to the design of a meaningful field experiment. 

This will be carried out 

Theoretical models of ice drift which have been published up to 

the present time are mainly based on the equation of motion of a single 

ice floc. The earliest models, such as were considered by Ekman and by 

Rossby and Montgomery, attempted to treat only the motion of single ice 

floes and ignored their mutual interaction. Later models have attempted 

to treat the motion of an interacting ice pack by adding some kind of 

frictional term to the equation of motion of a single ice floe. Sverdrup 

introduced a frictional drag proportional and antiparallel to the velo- 

city. This model is inadequate since, as pointed out by Reed and 

Campbell, the ice can be accelerated as well as decelerated by inter- 

actions between ice floes. Later authors, apparently starting with 

This work was supported by the  Arctic I n s t i t u t e  of North America, the 
Office of Naval Research, the United S ta tes  Coast Guard, and the 
Defence Research Board of Canada. Reproduced i n  part.  
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Ruzin, have suggested t h a t  t h e  ice  be  considered as a t h i n  l a y e r  of 

v i scous  l i q u i d  having a h igh  h o r i z o n t a l  eddy v i s c o s i t y .  

t h i s ,  a h o r i z o n t a l  eddy v i s c o s i t y  t e r m  having t h e  form of a Laplac ian  

To accomplish 

i s  added t o  t h e  equat ion  of motion of a s i n g l e  i ce  f l o e .  A numerical  

c a l c u l a t i o n  of t h e  s teady  s t a t e  wind-driven ice  d r i f t  w a s  performed f o r  

t h e  e n t i r e  Arct ic  Ocean by Campbell (1965) us ing  t h i s  equat ion .  A 

f u r t h e r  development of t h i s  model by Doronin (1970) uses  a v iscous  coef- 

f i c i e n t  p ropor t iona l  t o  t h e  compactness of t h e  ice ,  and adds a f lu id- type  

equat ion  of motion i s  s t i l l  b a s i c a l l y  t h e  equat ion  of a s i n g l e  ice  f l o e .  

Another ex tens ion  being pursued by Campbell and Rasmussen (work i n  

progress )  has  a c o e f f i c i e n t  of eddy v i s c o s i t y  t h a t  depends on whether 

t h e  ice  i s  converging o r  d iverg ing .  

The only publ ished model t o  d a t e  which d e r i v e s  an  equat ion  d i r e c t l y  

inc luding  t h e  e f f e c t  of t h e  i n t e r a c t i o n s  of t h e  ice  f l o e s  i s  t h e  

one-dimensional model by Timokhov (1967). This  au thor  i s  s t i l l  i n  t h e  

process  of reading h i s  paper ,  bu t  t h e  model appa ren t ly  does no t  d u p l i c a t e  

what i s  presented  i n  P a r t  I1 of t h i s  r e p o r t .  

The "viscous" model seems t o  be  t h e  mot iva t ion  behind t h e  p re sen t  

des ign  of AIDJEX;  t h e r e f o r e ,  i t  i s  appropr i a t e  t o  d i s c u s s  some f e a t u r e s  

of t h i s  model i n  d e t a i l .  The b a s i c  equat ion  is  obta ined  by adding a 

stress t e r m  t o  t h e  equat ion  of motion of a s i n g l e  ice f l o e :  

Where s i s  t h e  h o r i z o n t a l  vec to r  v e l o c i t y  of t h e  ice ,  D is  t h e  

h o r i z o n t a l  g r a d i e n t  ope ra to r ,  'I i s  t h e  so-cal led i n t e r n a l  i ce  stress, 

and F i s  t h e  sum of s u r f a c e ,  body, and i n e r t i a l  f o r c e s  a c t i n g  on t h e  

i c e .  I n  t h e  model of Campbell (1965),  i t  i s  assumed t h a t  t h e  stress is  

p ropor t iona l  t o  t h e  v e l o c i t y  shea r  i n  t h e  " f l u i d , "  so t h a t  

tt 

+ 

2-f +--f 
V . T  = f l u ,  

where K i s  an  e f f e c t i v e  h o r i z o n t a l  eddy v i s c o s i t y .  I n  t h e  A I D J E X  p l an ,  

a s l i g h t l y  more gene ra l  concept i s  employed; i t  i s  proposed t o  c a l c u l a t e  
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* 
V .  T d i r e c t l y  by measuring a l l  of t h e  o t h e r  terms i n  (1) and t o  re la te  

t h i s  e m p i r i c a l l y  t o  t h e  divergence of t h e  rate of s t r a i n  of t h e  ice  pack, 

t o  o b t a i n  t h e  "divergence of a c o n s t i t u t i v e  l aw ' '  f o r  t h e  ice pack. 

This  e x i s t i n g  concept of t h e  n a t u r e  of t h e  ice pack and t h e  appro- 

p r i a t e  means of desc r ib ing  i t s  dynamics i s  unc lea r .  Equation (1) w a s  

not  der ived r igo rous ly ,  nor does i t  correspond e x a c t l y  t o  t h e  c o r r e c t  

governing equa t ion  of any known phys ica l  system which might be taken as 

t h e  b a s i s  f o r  a model of t h e  i c e  pack. There are a t  least  t h r e e  possi-  

b i l i t i e s  f o r  such models,which seem t o  b e  confused i n  t h e  minds of t h e  

i c e  dyna.micists, and none of which are c o r r e c t l y  descr ibed by equat ion (1): 

1. A two-layer ocean, i n  which t h e  bottom l a y e r  i s  a s tandard homogeneous 

ocean model ( r ep resen t ing  t h e  l i q u i d  ocean) and t h e  top  l a y e r  i s  

v e r t i c a l l y  r i g i d  and has a l a r g e  h o r i z o n t a l  eddy v i s c o s i t y .  

ca se  t h e  upper l a y e r  must a l s o  s a t i s f y  a c o n t i n u i t y  equat ion and 

con ta in  a v a r i a b l e  water p res su re  ( i n  t h e  open l e a d s )  o r  f r e e  sur-  

f a c e  he igh t .  It must a l s o  s a t i s f y  a c o n t i n u i t y  equat ion,  and be 

solved f o r  simultaneously with t h e  lower l a y e r ,  no t  only because 

of t h e  f r i c t i o n a l  coupling bu t  because of t h e  s t r e t c h i n g  o r  shr inking 

of vo r t ex  tubes a s soc ia t ed  wi th  t h e  convergence and divergence i n  t h e  

upper l a y e r .  The f r i c t i o n a l  term should probably inc lude  a term of 

t h e  form ( K M  ' ) V ( V . z )  , where K '  i s  a c o e f f i c i e n t  of "eddy" bulk 
2-f v i s c o s i t y ,  i n  a d d i t i o n  t o  t h e  KV 2, term. This  should he lp  provide 

t h e  s t i f f n e s s  a s soc ia t ed  wi th  t h e  h o r i z o n t a l  i n c o m p r e s s i b i l i t y  of 

t h e  i c e  f l o e s .  

I n  t h i s  

2 .  A " f lu id"  r ep resen t ing  t h e  aggregate  of i c e  f l o e s ,  which are analogous 

t o  ttmolecules." 

such as is  used by Doronin (1970), and a dependent v a r i a b l e  analogous 

t o  p re s su re  t o  r e p r e s e n t  t h e  d i r e c t  f o r c e  of ice  f l o e s  r e s i s t i n g  

compression. It i s  e a s i l y  shown t h a t  t h i s  t tpressure ' '  must have both 

s c a l a r  and v e c t o r  p a r t s ,  s i n c e  t h e  f o r c e  a r i s i n g  from f r o n t a l  c o l l i -  

s i o n s  of i c e  f l o e s  i s  no t  i r r o t a t i o n a l  i n  gene ra l  (see Appendix 1). 

I f  t h e  f l o e s  c o l l i d e  e l a s t i c a l l y ,  t h e r e  must a l s o  be a dependent 

v a r i a b l e  analogous t o  temperature,  r ep resen t ing  t h e  average 

I n  t h i s  ca se  t h e r e  must be a c o n t i n u i t y  equat ion 
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p e r t u r b a t i o n  k i n e t i c  energy of motion of i n d i v i d u a l  f l o e s .  

w i th  t h i s  v a r i a b l e  t h e r e  must be an equat ion expressing t h e  conser- 

v a t i o n  of "heat" and r e l a t i n g  i t s  rate of product ion t o  o t h e r  

dependent v a r i a b l e s .  

Along 

3 .  A l a y e r  of s o l i d ,  o r  v i s c o p l a s t i c ,  material r a t h e r  than f l u i d .  This  

is  what some i c e  dynamicis ts  s e e m  t o  have i n  mind when they speak of 

a c o n s t i t u t i v e  l a w .  There w i l l  be some d i f f i c u l t y  i n  j o i n i n g  t h i s  

l a y e r  t o  t h e  ocean because of c o n t i n u i t y  cons ide ra t ions .  

t h e  upper two meters of t h e  ocean i s  a c t u a l l y  a discont inuous medium; 

when t h e  i c e  f l o e s  are toge the r  they a r e  unable t o  converge, b u t  

when separated they can converge and as much water w i l l  be squeezed 

ou t  of t h e  l e a d s  as i f  t h e  i c e  were not  p r e s e n t  and t h e  same v e l o c i t y  

g r a d i e n t w e r e  imposed on t h i s  l a y e r .  

v a s t l y  d i f f e r e n t  c o n s t i t u t i v e  p r o p e r t i e s ,  and i t  i s  not  a t  a l l  c l e a r  

t h a t  t h e  mixture  should even obey t h e  same kind of l a w  as e i t h e r  of t h e  

c o n s t i t u e n t s .  Attempts t o  f i n d  stress-strain l a w s  i n  g ranu la r  media 

have not  always been s u c c e s s f u l  (Evans, pe r sona l  communication). 

Note t h a t  

The i c e  and l i q u i d  water have 

Thus, t h e r e  does no t  seem t o  be any s i n g l e  clear concept of j u s t  what 

t h e  i c e  pack i s  being modeled as.  

I n  t h e  case of e l a s t i c  o r  p l a s t i c  materials, t h e r e  i s  experimental  

evidence which j u s t i f i e s  t h e  u s e  of s t r e s s - s t r a i n  r e l a t i o n s h i p s .  I n  t h e  

case  of a f l u i d ,  i n  a d d i t i o n  t o  t h e  experimental  evidence t h e r e  is  a 

t h e o r e t i c a l  concept i n  which t h e  v i scous  f o r c e  i s  assumed t o  arise from 

t h e  interchange of molecules between f a s t  and slow-moving p o r t i o n s  of 

t h e  f l u i d ,  w i th  t h e  mean f r e e  pa th  being very s m a l l  compared t o  t h e  

t y p i c a l  s c a l e  of v a r i a t i o n  of t h e  mean f l u i d  v e l o c i t y .  Hence it  i s  

obviously reasonable  t o  assume t h a t  t h e  v i scous  stress i s  p r o p o r t i o n a l  

t o  t h e  shear  (or  rate of s t r a i n ) .  Nei ther  of t h e s e  j u s t i f i c a t i o n s  e x i s t s ,  

i n  t h e  case  of t h e  ice  pack. The model i n  P a r t  I1 of t h i s  r e p o r t  i n d i -  

cates t h a t  f o r  convergent motion t h e  compressional "stress" may be 

p ropor t iona l  t o  t h e  square of t h e  s t r a i n  ra te  and depend on o t h e r  f a c t o r s  

as w e l l  (assuming i n e l a s t i c  c o l l i s i o n s ) .  
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I n  s h o r t ,  i t  i s  not  c l e a r  t h a t  t h e r e  i s ,  o r  should be,  any e a s i l y  

o b t a i n a b l e  s t r e s s - s t r a i n  r e l a t i o n  which has  e i t h e r  fundamental phys i ca l  

s i g n i f i c a n c e  o r  r e l i a b l e  p r a c t i c a l  u se fu lness .  There i s  only t h e  nega- 

t i v e  j u s t i f i c a t i o n  t h a t  w e  do not  know what else t o  do. 

11. A ONE-DIMENSIONAL MODEL OF I C E  F'LOE INTERACTIONS 

I n  P a r t  I t h e  d e f i c i e n c i e s  of t h e  "viscous l i q u i d "  model p r e s e n t l y  

used t o  do numerical  i c e  d r i f t  c a l c u l a t i o n s  were discussed.  The most 

immediately obvious d e f e c t  i n  Campbell's a p p l i c a t i o n  of t h i s  model i s  

t h e  r ap id  convergence of t h e  ice i n  t h e  Beaufort  Sea, a r i s i n g  from the  

l a c k  of a c o n t i n u i t y  equat ion f o r  t h e  i c e  and t h e  f a i l u r e  of t h e  v i scous  

term t o  adequately r e p r e s e n t  t h e  r i g i d i t y  and f i n i t e  s i z e  of t h e  ice 

f l o e s .  I n  t h i s  s e c t i o n  an at tempt  w i l l  be  made t o  d e r i v e  a set  of equa- 

t i o n s  f o r  ice  motion which t akes  t h e s e  f a c t o r s  i n t o  account.  

L e t  us  assume t h a t  a t  t h e  beginning of a f r e e z i n g  season (about 
7 10 seconds long) a r eg ion  wi th  a t y p i c a l  l e n g t h  scale of 1000 km has 

an average l ead  width on t h e  o rde r  of 1 meter and an average f l o e  width 

on t h e  o rde r  of 100 meters. If t h e  i c e  f l o e s  a r e  p e r f e c t l y  r i i i d ,  t h e  

convergence over t h i s  season (when no melt ing t a k e s  p1ace ) i s  l i m i t e d  t o  

au 
ax 
- -if9 s e c  - 1  

cm - 
t h e  converging component of v e l o c i t y  cannot vary by more than 0.1 s e c  

i n  1000 la. I f  t he  average f l o e  s i z e  i s  more l i k e  1 k i lome te r ,  then 
cm t h e  converging component of v e l o c i t y  cannot va ry  by more than 0.01- s e c  

i n  1000 km. It is  assumed t h a t  i f  new c racks  open i n  winter  t h e  new 

f l o e s  w i l l  have t o  d ive rge  i n  t h e  process ,  so  t h a t  cracking cannot 

c r e a t e  t h e  p o s s i b i l i t y  of a d d i t i o n a l  convergence. Note t h a t  t h i s  i s  

a l i m i t a t i o n  on - au , no t  on - a2u * t h e r e f o r e ,  t h i s  cond i t ion  cannot 
ax ax2 ' 
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be met by including a viscous term in the momentum equation, no matter 

how high one chooses the effective coefficient of viscosity. It also 
cannot be met in a purely dynamicarmode1 unless the model is time- 

dependent. 

there is a local ice sink, which requires heating. 

Convergence can only be allowed in a steady state model if 

What follows is a crude attempt to derive a set of equations that 
incorporate the feature of finite, rigid ice floes. The derivation is 

not mathematically rigorous; it is hoped, however, that the forms of the 

terms that have been obtained are essentially correct, and that the effect 

of using crude assumptions will be that certain parameters, such as the 

average size of the ice floes, will have to be treated as merely empirical 

parameters, rather than as the actual average size of the ice floes. 

Perhaps someday someone will be able to do the derivation rigorously. 

Meanwhile, it is hoped that what has been done here might turn out to 

be the beginning of a meaningful contribution to the theory of ice drift. 

For simplicity, the initial work presented here has been limited to a 

one-dimensional model; velocities as well as derivatives are limited to 

one dimension. 

In the real ocean, the ice floes come in a variety of sizes and 

shapes. However, such an assortment of real ice floes would be difficult 

to treat mathematically. To permit the derivation to proceed without 

introducing extensive mathematical difficulties at this time, a crude 

assumption will be introduced: that the real assortment of sizes can 

be represented mathematically by an equivalent system in which the floe 

widths are all equal to the average value CT . The symbol CT has been 

chosen to emphasize the empirical nature of this variable and the result- 

ing analogy with the interaction cross section of particle physics. In 
this case, CT is the average distance over which external forces are 
effectively averaged by the rigidity of the ice floes. o can increase 

in time as floes stick together. We also need to define d , the 
average width of the leads. d must be allowed to vary in x as well 

as t , since leads will be smaller on the average in a region that has 
been compressed. 
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I n  orde r  t o  focus a t t e n t i o n  on t h e  mutual i n t e r a c t i o n  of t h e  i c e  

f l o e s ,  only t h e  momentum of t h e  aggregate  of ice f l o e s  i s  being con- 

s i d e r e d .  Any e f f e c t  of t h e  water i n  t h e  l e a d s  on t h e  motion of t h e  i c e  

i s  considered a p a r t  of t h e  water stress, which i n  t u r n  i s  incorporated 

i n t o  t h e  sum F of a l l  s u r f a c e  and body f o r c e s  a c t i n g  on t h e  i c e .  

Consider t h e  momentum balance on a l e n g t h  Ax of t h e  i c e  pack, 

as shown i n  Figure 1 below. 

F igu re  1 

The number of i c e  f l o e s  wi th in  t h e  i n t e r v a l  i s  - Ax The momentum crid 
(per u n i t  of l e n g t h  i n  t h e  d i r e c t i o n  perpendicular  t o  the  paper) contained 

wi th in  t h e  i n t e r v a l  a t  t i m e  t i s  
0 

where M i s  t h e  mass of a s i n g l e  i c e  f l o e .  

M = p.Ia , 
7, 

i s  t h e  d e n s i t y  of t h e  sea ice  and I is i t s  th i ckness .  Since pi where 

t h e  formation of p r e s s u r e  r i d g e s  is  being ignored i n  t h e  p re sen t  work, 

I can be taken t o  be a cons t an t .  

account f o r  p re s su re  r i d g e  formation,  and I (perhaps r ep resen t ing  t h e  

average th i ckness  inc lud ing  p r e s s u r e  r i d g e s )  would have t o  be a func t ion  

of J: and t . The momentum i n  t h e  i n t e r v a l  a t  t i m e  t can t h e r e f o r e  

be w r i t t e n  as 

Any real is t ic  model would have t o  

0 

* E d ' s  note: This shouLd be read as 'I[$ MU] evaluated a t  t i m e  to.'' 
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A t  t i m e  to + A t  , t h i s  has changed t o  

An i c e  f l o e  c ros s ing  t h e  plane x = x b r i n g s  momentum i n t o  t h e  
0 

i n t e r v a l  a t  t he  rate + p i I U 2 ( x o )  . However, t h e  plane i s  only s t r a d d l e d  

by an i c e  f l o e  f o r  t h e  f r a c t i o n -  ' of t h e  t o t a l  t i m e .  Since i t  has  o t d  
been decided t h a t  only t h e  momentum of the  i c e  f l o e s  themselves i s  of 

i n t e r e s t  i n  t h e  p re sen t  model, t h e  average ra te  of momentum t r a n s f e r  

a c r o s s  t h e  plane a t  x i s  + p . I O  [o - U2) (32.1 . It w i l l  be found 

convenient to keep the  r a t i o  - a 

+ p . I  - U2] Po) . The momentum t r a n s f e r  i n  t h e  t i m e  A t  i s  

+ p i I A t  [& U2) Po) . The t r a n s f e r  a c r o s s  t h e  p l ane  x = x 0 + h 

0 

i n t a c t ,  so t h i s  w i l l  be  w r i t t e n  as o + d  

i n  t i m e  A t  i s  - p i 1  1- o u2J Po + AX] , s i n c e  p o s i t i v e  u c a r r i e s  

momentum o u t  of t he  i n t e r v a l .  

The impulse de l ive red  t o  a s i n g l e  i c e  f l o e  

f o r c e s  (pe r  u n i t  of l e n g t f S i s  F o n t  . This  must 

' F h A t  as number of f l o e s  - + d Y giving 

de l ive red  t o  t h e  i n t e r v a l  i n  t i m e  A t  . 

Ax 
o + d  

Momentum is  t r a n s f e r r e d  i n t o  o r  o u t  of t h e  

f l o e  s t r a d d l i n g  e i t h e r  of t h e  p l anes  x = x , x 

wi th  another  f l o e  which i s  e n t i r e l y  e i t h e r  i n  o r  

0 

by t h e  sum F of t h e  

be m u l t i p l i e d  by t h e  

t h e  t o t a l  impulse 

i n t e r v a l  when an i c e  

= x + Ax c o l l i d e s  

ou t  of t h e  i n t e r v a l .  

0 

Note t h a t  c o l l i s i o n s  which t a k e  place between two f l o e s  both of which 

are e n t i r e l y  w i t h i n  t h e  i n t e r v a l  do n o t  change t h e  t o t a l  momentum i n  

i n  the  i n t e r v a l .  

The d i f f e r e n c e  i n  speed between two success ive  ice  f l o e s  i s  

- ( a  + d )  (on the  average) .  An assumption about t h e  dynamics of t h e  
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system is  now necessary i n  o rde r  t o  c a l c u l a t e  t h e  average t i m e  r equ i r ed  

f o r  a c o l l i s i o n  t o  occur.  

c o l l i s i o n s ,  so  t h a t  t h e  speeds of t h e  two f l o e s  do n o t  change as they 

move toward c o l l i s i o n ,  t h e  average t i m e  r equ i r ed  f o r  a c o l l i s i o n  t o  

occur i s  

I f  momentum t r a n s f e r  t a k e s  place mainly through 

d 

The 

s i o n  t o  occur.  I n  Appendix 2 i t  i s  shown t h a t  t h i s  i s  no t  n e c e s s a r i l y  

t r u e  i f  c o l l i s i o n s  p l a y  a r e l a t i v e l y  minor r o l e  i n  t h e  momentum balance.  

Since t h e  primary i n t e r e s t  i n  t h e  p re sen t  work is  i n  t h e  case In which 

c o l l i s i o n s  are important ,  t h i s  assumption w i l l  be used he re .  Then t h e  

average number of c o l l i s i o n s  undergone by an i c e  f l o e  i n  t i m e  

- s i g n  i s  needed because - au must be nega t ive  i n  o rde r  f o r  a c o l l i -  ax 

A t  i s  

However, an  i c e  f l o e  only s t r a d d l e s  t h e  boundary of t h e  i n t e r v a l  f o r  t h e  

f r a c t i o n  - of t h e  t o t a l  t i m e ,  so  t h e  number of c o l l i s i o n s  involving 

a f l o e  on e i t h e r  plane (x = x o r  x = x + Ax) i n  t i m e  A t  is: 

G 
o + d  

0 0 

An assumption must be made about t h e  n a t u r e  of t h e  c o l l i s i o n s  

between i c e  f l o e s  i n  o rde r  t o  estimate t h e  momentum t r a n s f e r  per  c o l l i -  

s ion .  It must be emphasized t h a t  no meaningful theory of t h e  l a rge - sca l e  

flow of sea i c e  can be der ived u n t i l  t h e  small-scale i n t e r a c t i o n s  are 

much b e t t e r  understood than  a t  p r e s e n t .  However, i t  i s  possib:le t o  see 

how such a theory might go by making an assumption about t h e  i n t e r a c t i o n s .  

The s i m p l e s t  such assumption i s  t h a t  t h e  i c e  f l o e s  c o l l i d e  i n e : l a s t i c a l l y .  

I n e l a s t i c  c o l l i s i o n s  have been f r e q u e n t l y  observed i n  t h e  Arctic Ocean, 

a l though e las t ic  c o l l i s i o n s  have a l s o  been r epor t ed .  

e l a s t i c  c o l l i s i o n s  would r e q u i r e  us  t o  i n t roduce  an e f f e c t i v e  ice 

' ' temperature' '  and "pressure" t o  account f o r  t h e  more o r  less random 

An assumption of 
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"thermal1' motion se t  up by t h e  rebounding of t h e  i c e  f l o e s .  

t h a t  c o l l i s i o n s  are i n e l a s t i c ,  conserva t ion  of momentum requires t h e  

change i n  momentum of each f l o e  during t h e  c o l l i s i o n  t o  be 

Assuming 

i n  abso lu te  va lue ,  where piIo i s  t h e  mass of each f l o e  and - au o 

t h e  d i f f e r e n c e  i n  speeds of t h e  two f l o e s  a t  t h e  time of c o l l i s i o n .  

Considering t h e  p lane  x = x , i f  - < 0 (necessary f o r  a c o l l i s i o n  

t o  occur) ,  a c o l l i s i o n  always adds p o s i t i v e  momentum t o  t h e  i n t e r i o r  of 

t h e  i n t e r v a l ;  and on t h e  average,  exac t ly  one of t h e  two f l o e s  i s  wi th in  

t h e  in te rva l .  Therefore ,  a t  x t h e  change i n  momentum wi th in  t h e  

i n t e r v a l  per  c o l l i s i o n  i s  

i s  ax 

au 
0 ax 

0 

A t  x = x + Ax , nega t ive  - causes  c o l l i s i o n s  which t r a n s f e r  p o s i t i v e  

momentum ou t  of t h e  i n t e r v a l ,  so  t h a t  momentum t r a n s f e r  per  c o l l i s i o n  is  
0 ax 

2 a u  + A x  . 2 i ax Po ] 1 + - - I *  

The t o t a l  t r a n s f e r  of momentum t o  t h e  i n t e r v a l  through c o l l i s i o n s  

i n  t i m e  A t  t h e r e f o r e  becomes 

The complete d i f f e r e n c e  equat ion  i s  

t 
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Dividing through by p i I i ! xA t  

h + O  and At+O and expanding t h e  d e r i v a t i v e  i n  t h e  c o l l i s i o n  term g ives :  

, c o l l e c t i n g  terms, tak ing  t h e  l i m i t  as 

Note t h a t  t h e  l a s t  t e r m  h a s  t h e  form of a v i s c o s i t y  p ropor t iona l  t o  

- IO-' sec-' , t h e  e f f e c t i v e  U - au I f  o = l k m , d = l m , a n d  - -  
ax * X 
'lviscous c o e f f i c i e n t "  i s  about  

i n t e r a c t i o n  compared t o  t h a t  which w a s  used by Campbell (1965). 

0 = 1 0  km , t h i s  becomes 

model g i v e s  a r e l a t i v e l y  weak l'viscousl' type  of i n t e r a c t i o n  when t h e  

average l e a d  width i s  on t h e  o rde r  of 1 meter. This  makes sense  because 

t h e r e  i s  r e a l l y  no th ing  t o  resist convergence as long as t h e  f i o e s  are 

separa ted  by l e a d s ;  i t  i s  only  when they  a l ep res sed  toge the r  t h a t  they  

are unable  t o  converge f u r t h e r .  When d+O , t h e  e f f e c t i v e  v i s c o s i t y  

c o e f f i c i e n t  becomes l a r g e .  However, i t  s t i l l  cannot be  s a i d  t h a t  a model 

has  been produced which a b s o l u t e l y  r e q u i r e s  

- 0 .  - 0 wi thout  - - conceivably have 7 = 0 and - - 

o 
o + d '  

appears  i n  every  t e r m  except  t h e  c o l l i s i c n t e r m .  This  expresses  t h e  f a c t  

t h a t  i f  w e  are r e a l l y  t r e a t i n g  t h e  aggrega te  of i ce  f l o e s ,  r a t h e r  t h a a  

combined upper l a y e r  of i ce  and water, t h e  t o t a l  momentum i n  any r eg ion  

i s  p ropor t iona l  t o  t h e  amount of i ce  i n  t h a t  reg ion .  The f a i l u r e  of 

t h i s  f a c t o r  t o  appear i n  prev ious  models i s  a consequence of t h e k i l u r e  

t o  s p e c i f y  e x a c t l y  what t h e  l a y e r  of i ce  is  being modeled as.  It w a s  

pointed o u t  by Mart in  (personal  communication) t h a t  t h e  f a i l u r e  t o  

inc lude  t h i s  f a c t o r  amounted t o  us ing  a "Boussinesq approximation" 

without  j u s t i f i c a t i o n .  

1 , which g i v e s  a very  weak "viscousf t  

I f  

ZO+3 , which i s  s t i l l  r a t h e r  s m a l l .  Hence, t h i s  

- 0 , because w e  could - - au 
ax au a 2U ad 

ax ax ax 

AJso n o t e  t h a t  t h e  f a c t o r  ~ equ iva len t  t o  Doronin's  N , 

Two more equa t ions  are needed t o  complete t h e  system needed t o  

so lve  f o r  U , o and d . One is  probably i n  t h e  form of a mass cont inu-  

i t y  equat ion ,  bu t  t h e  form of t h e  t h i r d  i s  s t i l l  unce r t a in .  Pre l iminary  

s tudy  by t h i s  au tho r  i n d i c a t e s  t h a t  i t  may be  necessary  t o  keep t r a c k  

(numerical ly)  of t h e  a c t u a l  d i s t r i b u t i o n  of l ead  wid ths  i n  o rde r  t o  
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calculate the resulting values of o ( t )  and d(z , t )  . For example, one 
could start with the Poisson distribution 

P ( q )  = ATle-Xq 

and normalize so that 

which gives h = z .  However, after time A t  , one could not assume that 

the new distribution is a Poisson distribution with some new average 

width d ,  . Rather, if all leads smaller than d, close up in A t  , 
the new distribution would be 
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APPENDIX 1 

It is  des i r ed  t o  show t h a t  t h e  ''pnssure" f o r c e  a r i s i n g  from t h e  

f ronta l .  c o l l i s i o n s  of i ce  f l o e s  i s  n o t  i r r o t a t i o n a l  i n  gene ra l .  

s u f f i c e s  t o  show that  t h e  f o r c e  f i e l d  i s  n o t  i r r o t a t i o n a l  i n  one p a r t i c u l a r  

case .  Consider t h e  system of wedge-shaped ice  f l o e s  i n  F igure  2 .  

It 

Suppose t h a t  t h e  f l o e s  are set i n t o  c i r c u l a r  motion ( s h o r t  arrows) wi th  

t h e  t a n g e n t i a l  v e l o c i t y  p ropor t iona l  t o  s i n e  . The f o r c e  -can be  assumed 

t o  be  p ropor t iona l  t o  t h e  t a n g e n t i a l  d e r i v a t i v e  of t h e  t a n g e n t i a l  v e l o c i t y ;  

i f  some power i s  involved ( i n  P a r t  I1 t h e  f o r c e  w a s  

form p-[[k]7 ),  t h e  r e s u l t  w i l l  be  s u b s t a n t i a l l y  a:c ax 
c a l c u l a t e  t h e  c i r c u i t a l  l i n e  i n t e g r a l  of t h i s  f o r c e  

found t o  be of t h e  

t h e  same. W e  have t o  

around t h e  loop R : 
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( s i n e )  Rde + 0 . Rde I 
converging d iverg ing  
r eg ions  reg ions  

= R I cos0 de 

converging 
r eg ions  

. 

Since t h e  i n t e g r a l  i s  only taken over reg ions  where cos8 < 0 , it  
obviously cannot be zero ,  so  

which is  what w e  were t r y i n g  t o  prove. 
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APPENDIX 2 

I n  t h e  case when c o l l i s i o n s  do n o t  p l ay  t h e  major r o l e  i n  momentum 

t r a n s f e r  between i ce  f l o e s ,  t h e  average t i m e  between c o l l i s i o n s  might 

n o t  be  r7 U 

au -(a + d )  - ax 

Consider t h e  l i m i t i n g  case when U i s  a func t ion  of x only and momentum 

t r a n s f e r  by c o l l i s i o n s  i s  n e g l i g i b l e .  

a t  x = x1 , and advances t o  x = x a t  t h e  t i m e  of t h e  c o l l i s i o n .  

Ice f l o e  2 is  i n i t i a l l y  centered  a t  

x = x2 -t a 
t h e  f l o e s  t o  reach  t h e  c o l l i s i o n  are equal ,  w e  have 

Ice f l o e  1 i s  i n i t i a l l y  centered  

2 

x = x l  + (a + d ) ,  and advances t o  

a t  t h e  t i m e  of t h e  c o l l i s i o n .  S ince  t h e  t i m e s  requi red  f o r  

i4)  

as our b a s i c  equat ion .  

I f  t h e  f l o e s  c o l l i d e  a f t e r  t r a v e l i n g  a didance s h o r t  compared t o  o 

(F igure  3 ) ,  ( 4 )  becomes approximately 

x 1  x +o+d 

Figure  3 
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Expanding U (xl + cs + d )  N U (x,) + (CS + d )  az au , and neg lec t ing  h ighe r  

o rde r  terms because U i s  slowly varying i n  x , we f i n d  t h a t  

so  t h a t  t h e  t i m e  between c o l l i s i o n s  i s  

as i n  t h e  case i n  which t h e  t r a n s f e r  of momentum t akes  p l a c e  mainly 

through c o l l i s i o n s .  However, i f  t h e  f l o e s  t r a v e l  a d i s t a n c e  long 

compared t o  cs befo re  c o l l i d i n g  (Figure 4 ) ,  t h e  appropr i a t e  form of 

( 4 )  becomes 

'X1 jX2 

au This  t i m e  U (x,) U (2,) + (X2 - X1> ax 

and t h e  t i m e  between c o l l i s i o n s  i s  about 
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Af tier 

Figure 4 

.c 

f 1 1 

1 

The distinction can be important where d is not small compared 

to o . I n  general, of course, we are somewhere in between the extreme 

cases treated here, so that the time between collisions is 

d 
au - (0 + Ed) 

where E is between 0 and 1, and depends on: 

1. The relative importance of momentum transfer by collisions, 

as compared to momentum transfer by other processes. 

2. The ratio of the mean free path to the average "interaction 

cross section'' of the ice floes. 

The motion is strongly time-dependent. Of course, the various forms 

derived here are equivalent when 

interest to AIDJEX. 

0 >> d , as in the region of primary 
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TECHNIQUES FOR MEASURING STRAIN RATE 

Alan Thorndike 
Graduate Student in Geophysics 

University of Washington 
Seattle, Washington 

This report summarizes the progress made to date by R. Wills 

(Gradua.te S'tudent in Philosophy, University of Washington) and myself 

towards describing the deformation of portions of the arctic ice pack 

from series of position data reported by the several drifting stations. 

Such studies have been undertaken before by Russian scientists,' and 

in this country by Dunbar and Wittmann (1962). 

only the divergence (rate of change of area) of a region. Since the 

entire strain-rate tensor more completely describes deformation, its 

study is a proper objective of AIDJEX. 

Their publications report 

The linear strain-rate tensor is defined by 

(1) * - 1  
E - -(u + u  i=1,2 ; j=l ,2  . ij - 2 i , j  j , i )  

It has three independent components c l l  , cI2=cz1 , and , each 
involving spatial derivatives of velocity. For example, represents 

the rate of change of distance (stretching) between a pair of points 

lying on the 2-axis. In fact, if the line joining two points makes an 

angle $ with the 1-axis, then the rate of stretching of that line is 

given by 

E$ = cos2$ c I 1  + sin2~ + sin2$ . 

This work vas supported by the  Of f ice  of Naval Research 
rJOOl4-67-A-0103-0007, NR 307- 252, wi th  the University of Washington, 
Department of Atmospheric Sciences ( N .  Untersteiner, Principa 2 
Invest igator) .  

Contract 
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To compute the strain-rate tensor, one proceeds as follows. 
stretching are measured for each pair of drifting stations, giving 

equations identical in form to tguation(2). The only unknowns are 

Rates of 

n 

E11 3 E12 9 and , which are determined by a standard least 
squares technique. 

+ 
-+ i+ -+ 

= L E , for E , where 
E+ 

Formally, we wish to solve 

+ 
1 

2 

2 

E <=> 

+ 
-+ L <=> 

4 

The solution to equation (3) is 

cos2+,  sin^+^ sin2Q1 

cos2+,  sin^+^ sin2Q2 

cos2+, ~ i n 2 + ~  sin2Qn 

+ 
5 

+ +  + + +  + +  
E & = (Lt L)- I  L 

t o  

, and (3)  

( 4 )  

ERRORS 

In the least squares approach, each measurement E is thought of 

n 
Qi 

as the sum of some ideal value E ' and an error discrepancy vi . 
Qi 

E = E '  + v i ,  i=~,n . Qi +i (5) I 
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n 

i=l 
The restraint that 1 L J . ~  be a minimum gives enough equations to allow 

solution of equation (3).The ideal value, 
-+ + +  

2 

, is simply L E , so that j !  -+ 't 

€4) 

The discrepancies LJ arise from errors in the measurement of the rates i 2 
of stretching E and from nonlinear variations of E itself within 

'i 
the regions of interest. The latter source of error is inherent in any 

finite difference approximation of the derivative of a field variable. 

Such errors are lumped together with and indistinguishable from errors in 

measurement of E 
'i 

In the simple case of a triangular array of stations (n=3), these 

will be no apparent errors 

the angles of the triangle, ei , and the rates of stretching, E , will 

conspire against confident estimates of E . The situation is entirely 

V i  . Nevertheless, errors in measurement of 

-+ 'i 
-f 

analogous to fitting a straight line to a set of points in a plane. Since 

the line will not, in general, pass through all the points, the best line 

is selected by minimizing the apparent errors. When there are only two 

points, it is possible to find a line which passes through both points, 

but confidence in this line is still limited by the errors in defining 

the two data points. 

The manner in which errors propagate through the equations depends 
+ -+ -+ + on 8, , 8, ,.and on E itself. We have no control over E , but we are 

free to select the geometry of the array to our advantage. Figure 1 shows 

the dependence of the expected error on the geometry of a triangular 
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a r r a y  f o r  t h e  s p e c i a l  case 

-1 -1 -1 
= .02 day , &,, = -.02 day , = -.02 day , expected e r r o r  i n  

-1 8 = 1 degree,  expected e r r o r  i n  = .001 day . 
-f + 

The su r faces  depend on t h e  choice of coord ina tes  i n  which & i s  

measured. I n  p r i n c i p a l  axes ,  f o r  i n s t ance ,  t h e  e r r o r  su r face  reaches  i t s  

minimum va lue  whenever e,, e,, o r  8, = 90". Not knowing t h e  o r i e n t a t i o n  

of t h e  p r i n c i p a l  axes  i n  advance, however, i t  seems b e s t  t o  s e l e c t  an 

e q u i l a t e r a l  a r r ay .  

For an a r r a y  of more than t h r e e  s t a t i o n s ,  I suspec t  t h a t  t h e  most 
-f + 

favorable  geometry f o r  measuring E i s  a r egu la r  polygonal a r r a y ,  s i n c e  

i t  o f f e r s  an even sampling of @i and equal  l e n g t h  segments. To measure 

s p a t i a l  v a r i a t i o n s ,  a cross- type a r r a y  may be  more use fu l .  Such an a r r a y  

s t i l l  samples @i w e l l  whi le  g iv ing  g r e a t e r  h o r i z o n t a l  coverage. 

VARIATIONS I N  STRAIN RATE 

With a s u f f i c i e n t l y  dense a r r a y ,  i t  would be  possi'tile t o  s ea rch  f o r  

v a r i a t i o n s  i n  t h e  s t r a i n - r a t e  tensor  wi th  pos i t i on .  One approach would be 

t o  compute t h e  s t r a i n - r a t e  tensor  f o r  subse t s  of t h e  e n t i r e  a r r a y  and then 

t o  i n s p e c t  t h e  r e s u l t s  f o r  s i g n i f i c a n t  v a r i a t i o n s .  

of t h e  d a t a  i s  p o s s i b l e  i f  w e  are w i l l i n g  t o  assume t h a t  

l i n e a r l y  throughout t h e  reg ion  of i n t e r e s t  .6 

A more e f f i c i e n t  use 

E v a r i e s  
-f 
-f 

With t h i s  assumption, w e  

may w r i t e  as e q u a l i t i e s :  

= E, + a,x + b,y 

+ a2x + b,y 

= E, + a3x + b,y 

E,, = 

. 
(7) 
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Substituting these definitions into equation ( 3 ) ,  we write a new equation 

in matri.x form: 

ated as s and c . I  

[For typographic reasons, sine and cosine are abbrevi- 

\ 

E 
'1 

'2 
E 

E 

'n ,  

- - 

Y1C2'1 

Y 2c2'2 

Ync2'n 

+ +  + + + 
= M ? . The solution for is €0 which has the form 

provided n - > 9 . The pair ( x i ,  yi) is taken to be the midpoint of the 

line segment used to compute E 
'i * 

55 



W 

I Y/ - 

/-: n ! ~  .-e 1 . The dependence of 0 on t h e  geometry E 
4 of a t r i angu la r  a r r ay .  ( see  p .  57) 
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FIGURE 1. The dependence of 0 on t h e  geometry of a t r i a n g u l a r  a r r a y .  

Note t h a t  8 ,  = 180 - 8 ,  - 8, imp l i e s  t h a t  8, decreases  i n  t h e  SE 

d i r e c t i o n .  0 ( a  measure of t h e  expected e r r o r  i n  computations of t h e  

s t r a i n - r a t e  t enso r )  i s  def ined  as 

2 2 
p/3 IO& 1 1  + *E12 + 0&:,] * =  

t y p i c a l  va lue  of E ij 

ij ‘ where 0 i s  t h e  mean squared e r r o r  i n  t h e  computation of E 
E i j  

The cT are func t ions  of 8 ,  8, 6 8 (expected e r r o r  i n  measurement 

of 8 ) ,  6& (expected e r r o r  i n  measurements of E@ ) ,  and of 

Thus, o i s  t h e  average of t h e  expected e r r o r s  i n  each of t h e  t h r e e  com- 

&ij 
3 

&cp * 4J 

here  taken as ‘ij ponents of  E , div ided  by t h e  t y p i c a l  v a l u e  of 

.02 day-’. In t h e  case shown, E l l  = .02, = - .02,  E,, = -.OZ day-’ 

68 = lo,  The gene ra l  shape of t h e  e r r o r  s u r f a c e  i s  n o t  

s e n s i t i v e  t o  t h e  choice  of t h e s e  q u a n t i t i e s ,  a l though t h e  p r e c i s e  l o c a t i o n  

of t h e  minimum does s h i f t  as E changes. The estimates of 68 and 6& 

used he re  probably do n o t  r e f l e c t  t h e  s t a t e  of t h e  a r t  i n  a r c t i c  

surveying.  

6& = ,001 day-’. 0 

-+ 
cp 
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NOTES 

1. A. V .  Bushuyev, N. A .  Volkov, Z. M. Gudkovich, and V. S. Loshchilov. 

"Results of a Soviet Experiment Investigating the Drift and Dynamics of 

the Arctic Basin Ice Cover" (Rezul'taty Ekspeditsionnykh Issledovanii 

Dreifa i Dinamiki Ledianogo Pokrova Arkticheskogo Basseina Vesnoi, 1961 g). 

Leningrad Afkticheskii i Antarkticheskii Nauchno-issledovatel'skii 

Institut. Trudy. Vol. 257, 26-44. 1967. Translated from the Russian 

by S. M. Olenicoff and H. Solomon, The Rand Corporation, May 1970. 

2 .  Note that I have assumed that the problem is two-dimensional. 
Accordingly, the Arctic Ocean has been projected onto a plane tangent to 

the earth at the North Pole, using the formulae 

sin + , 1 a cos8 
Y = [  5 - 2 + sine 

where e is north latitude, + is east longitude, a is the radius of 

the earth, and 5 = 2.979. 5 was chosen to force -ax/a0 to be unity 

at 8 = 70"N. Between 70" and 90"N, ax/ae varies less than 0.5 percent. 

The amount of distortion introduced by the projection seems tolerable. 

+ -+ 
3. To show this, use the familiar laws to transform the tensor E into 

a tensor 2' in a coordinate system whose 1'-axis intersects the 1-axis 
with angle @ . Then c L 1  ' = E @  . 

4. 
double (single) arrow. Thus, 

When strain rate is written as a square matrix (vector), we use a 
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5. General Least Squares Theorem. 

Suppose A = LX i s  a ma t r ix  equat ion where A is  known, L i s  

known and does n o t  depend on X , and X i s  t o  be found. L e t  t h e  

dimensions be as fol lows:  

A(n x m) 
L(n x Z)  

X(Z x m) . 
When n < 2 , no t  enough information i s  a v a i l a b l e  t o  f i n d  X . When 

n = 1 , t h e  s o l u t i o n  i s  X = L-lA provided L-' e x i s t s .  When n > 1 , 
too much information i s  a v a i l a b l e ,  and i t  i s  a p p r o p r i a t e  t o  seek a 

s o l u t i o n  X which minimizes t h e  r e s i d u a l s  A-LX . 
To be p r e c i s e ,  l e t  E = Aij - Lip X (summation convent:ion). 

ij r j  
W e  s t i p u l a t e  t h a t  E = E E must be a minimum. E is  a f u n c t i o n  of 

t h e  Zm q u a n t i t i e s  Xkl , so  our s t i p u l a t i o n  i n  f a c t  s ta tes  t h e  

equat ions 

ij ij 

a&. . 
ij axkl - = o = >  aE F_ " 3 = 0  . 

axkZ 

But 
ax 

rei - L x = - L  - = - L .  6 6 = - L .  6 a"ij a -= -  
tr rk jZ z k  j Z  axkz ax-,, p i j  ir r j )  ir ax k2 

where w e  have used t h e  assumption L # L ( X )  . 
- L .  x n x m equat ions &iJ- = Aij zr rj We have t h e s e  equat ions:  

E (L 6 ) = O  ij ik j l  Z x m equat ions 

i n  t h e  unknowns X.. and E , a t o t a l  of n x m + 7, x m unknowns. 

The s o l u t i o n  i s  found by e l imina t ing  E t o  g e t  
ij 

ij 

o = ( A i j - L  ir x rj] L i k 6 j Z  = (Ai?, - Li~xrZ)  Lik 

=> L t A = L t L x =+ x =(L~L)-' L t A . ki iZ ki ir r2 
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6. This seems reasonable, since it would require many additional stations 

to detect 2nd-order variations. However, the extension of this method to 

higher-order variations is straightforward if the requisite number of 

stations is available. 
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POWER SPECTRUM ANALYSIS OF I C E  RIDGES 

By: W i l l i a m  D.  Hibler  I11 * 
Leonard A .  L e  Schack # 

1 
The technique of power spectrum a n a l y s i s  has  f o r  a number of 

years  been a u s e f u l  t o o l  f o r  communications engineers  i n  e x t r a c t i n g  

p e r i o d i c  v a r i a t i o n s  from space o r  t i m e  s e r i e s .  With laser p r o f i l e s  

as w e l l  as  under i c e  sonar  p r o f i l e s  one can a p p l y t h e  power spectrum 

technique t o  determine p r e f e r r e d  r i d g e  spacings and t h e  amount of 

i c e  e x h i b i t i n g  a given p e r i o d i c i t y .  Dominant r i d g e  spacings may be 

of cons ide rab le  i n t e r e s t  f o r  dynamical ice  modeling. The power 

spectrum technique can also be used f o r  poss ib ly  i d e n t i f y i n g  d i f f e r e n t  

ice types by t h e i r  c h a r a c t e r i s t i c  f requencies .  

A b r i e f  formal d e s c r i p t i o n  of t h e  power spectrum procedure may be 

given as follows. 

Given a s p a t i a l  s e r i e s ,  X ( r > ,  t h e  auto-covariance func t ion  i s  

r;j 2.. defined by 
f 

The power spectrum, pdd), i s  def ined by 

-a 
From t h i s  d e f i n i t i o n  i t  can be shown t h a t  i s  a l s o  given by 
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This  expression i s  most u s e f u l  f o r  i n t e r p r e t a t i o n  because t h e  r i g h t -  

hand s i d e  of Eq. (3 )  i s  simply t h e  square of t h e  f o u r i e r  t ransform of 

f p  . 
From t h e  number of d a t a  p o i n t s  used and t h e  number of frequency 

i n t e r v a l s  one can p r e d i c t  t h e  confidence l i m i t s  of a given spectrum 

about t h e  " idea l "  spectrum assuming a s t a t i o n a r y  gaussian process .  

We w i l l  not  go i n t o  t h e  d e t a i l s  of t h e  a n a l y s i s  h e r e  bu t  simply re- 

mark t h a t  va r ious  techniques may be used f o r  s a t i s f a c t o r i l y  e s t ima t ing  

t h e  t r u e  power spectrum and thus  t h e  t r u e  f o u r i e r  t ransform of a given 

sample, which t h e r e f o r e  makes t h i s  procedure u s e f u l .  

One example of t h e  u s e  of t h i s  technique i s  t h e  a n a l y s i s  o f  l a s e r  

p r o f i l e  da t a .  I n  p a r t i c u l a r ,  two s e c t i o n s  of laser p r o f i l e  d a t a ,  

one s e c t i o n  being mul t i -yea r  i ce  and one s e c t i o n  being young ice ,  

have been analyzed. 

The power s p e c t r a  f o r  each segment of t h e  p r o f i l e  w a s  divided 

i n t o  a p l o t  emphasizing t h e  s h o r t  per iod spacing and one emphasizing 

t h e  long pe r iod  spacing. This  w a s  accomplished by appropr i a t e  block 

averaging of t h e  f i l t e r e d  t i m e  series d a t a  p r i o r  t o  processing.  The 

power s p e c t r a  p l o t s  f o r  each segment have then  been superimposed i n  

Figure 1, thus  pe rmi t t i ng  d i r e c t  comparison. The r e l a t i v e  amplitude 

of t h e  power spectrum has been p l o t t e d  versus  l a g  number. 

i s  a r e l a t i v e  measure of s p a t i a l  frequency. 

Lag number 

In both t h e  s h o r t  and 
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longer  per iod p l o t s ,  t h e  most n o t i c e a b l e  d i f f e r e n c e  i s  t h e  g r e a t e r  

amplitude of a l l  s p a t i a l  pe r iods  s h o r t e r  than 20 m i n  t h e  young ice  

p r o f i l e .  Above 20 m y  t h e  mul t i -yea r  i ce  has  d i s t i n c t l y  g r e a t e r  

amplitude.  Phys ica l ly ,  t h i s  i n d i c a t e s  t h a t  t h e  o l d e r ,  more weathered 

i c e  i s  more undu la t ing  than t h e  young ice,  while  t h e  younger i c e ,  

although f l a t t e r ,  i s  rougher.  This i s ,  i n  f a c t ,  what i s  observed i n  

t h e  f i e l d .  

The frequency d i s t r i b u t i o n  of amplitudes a l s o  provide i n s i g h t  

i n t o  t h e  c h a r a c t e r  of t h e  two i c e  masses. The mult i -year  i c e  has  a 

broader ,  more even d i s t r i b u t i o n  of e l e v a t i o n s ,  between t h e  lowest and 

h i g h e s t  p o i n t  on t h e  p r o f i l e ,  than t h e  young i c e ,  which i s  c h a r a c t e r i z e d  

by a sharper  peak, cen te red  a t  a g r e a t e r  e l e v a t i o n  above t h e  minimum 

po in t .  The mul t i -yea r  ice  peaks a t  35 cm while  t h e  young i c e  peaks 

a t  60 cm. 

There a r e  apparent p r e f e r r e d  r i d g e  spacings on both p r o f i l e s  r ep re -  

s en ted  by power s p e c t r a l  t e a k s  a t  pe r iods  of .75, 2 ,  3 ,  5 ,  7 and 13 meters.  

S t a t i s t i c a l l y  one would expect  t h e s e  s p e c t r a l  peaks t o  be real  as t h e  

95% confidence l i m i t s  are between .7 and 1.6 t i m e s  each estimate f o r  

t h e  s h o r t  per iod p l o t  and .56 and 2 .2  t i m e s  each estimate f o r  t h e  long pe r iod  

p l o t .  

The phys ica l  s i g n i f i c a n c e  of such peaks,  however, i s  not  r e so lved  

and f u r t h e r  a n a l y s i s  w i th  t h i s  a i m  i n  mind i s  needed. The coupl ing of 

a dynamical model w i th  power spectrum a n a l y s i s  might y i e l d  use fu l  r e s u l t s  

i n  t h i s  a r ea .  
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This  type of a n a l y s i s  has  a l s o  been appl ied  t o  undersea sonar d a t a  

and has  been used t o  determine r idge  l i n e a t i o n  as w e l l  as s i g n i f i c a n t  

r i d g e  spacings f o r  underice r idges .  
2 
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