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MEASUREMENT OF TILT OF A FROZEN SEA 

bY 
J. R. Weber 

E a r t h  Phys ics  Branch 
Department of Energy, Mines and Resources 

O t t a w a ,  Canada 

and 

R. L .  L i l l e s t r a n d  
Cont ro l  Data Corporat ion 
Minneapolis,  Minnesota 

Due t o  t h e  e f f e c t s  of winds,  ocean c u r r e n t s ,  t i d e s ,  and atmospheric  

p r e s s u r e  g r a d i e n t s  and d e n s i t y  changes i n  t h e  water, t h e  s u r f a c e  of t h e  ocean 

i s  t i l t e d  r e l a t i v e  t o  t h e  e q u i p o t e n t i a l  s u r f a c e  of t h e  e a r t h .  It has  been 

es t imated  t h a t  l o c a l  t i l t s  of up t o  10 r a d i a n s  may occur  i n  c o a s t a l  waters 

o r  nea r  t h e  eye of a h u r r i c a n e  [l]. 
probably less than lom5 rad ians .  No technique has  y e t  been developed f o r  

measuring t h e  t ilt  of an i c e - f r e e  open ocean. However, i t  i s  p o s s i b l e  t o  

measure t h e  t ilt  of a water s u r f a c e  r e l a t i v e  t o  i t s  l o c a l  e q u i p o t e n t i a l  

s u r f a c e  a t  t h e  p o i n t  of obse rva t ion  i f  t h e  water i s  ice-covered. 

-4 

Extended t i l t s  i n  t h e  open ocean are 

I n  1952, Browne and Crary [2]  at tempted t o  measure t h e  tilt of t h e  

A r c t i c  Ocean from F l e t c h e r ' s  Ice I s l a n d  (T-3) by f r e e z i n g  a s e n s i t i v e  bubble 

l e v e l  i n t o  t h e  i c e  and observing t h e  bubble over  a five-month per iod .  

shows t h e  change of ocean t i l t  compared wi th  t h e  atmospheric  p r e s s u r e  g r a d i e n t  

ob ta ined  from synop t i c  maps over  t h e  same t i m e  per iod .  

remarkable c o r r e l a t i o n  between t h e  t ilt ,  which changes over  a range of two 

seconds o f  a r c  (9.6 x 10 

t a t i o n s  wi th  r e s p e c t  t o  t h e  d i r e c t i o n s  of t h e  s p i r i t  l e v e l .  The f a c t  t h a t  

t h e  long pe r iod  change of t i l t  occurs  over  weeks r a t h e r  than over  days o r  

hours  i n d i c a t e s  t h a t  t h e  t i l t  i s  no t  l i k e l y  t o  be a l o c a l  phenomenon but  may 

extend over  a l a r g e  r eg ion .  I n  view of t h e  s c a l e  of t h e  A r c t i c  Ocean and t h e  

e x t e n t  of t h e  meteoro logica l  p r e s s u r e ,  ocean t i l t s  could conceivably p e r s i s t  

f o r  d i s t a n c e s  as l a r g e  as 1000 km and cons ide rab le  sea- leve l  changes would 

take  p l ace .  

Fig.  1 

The graph shows a 

-6 r a d i a n s ) ,  and t h e  p r e s s u r e  g r a d i e n t  i n  t h r e e  or ien-  

The Ea r th  Phys ics  Branch of t h e  Department of Energy, Mines and 

Resources i s  engaged i n  a cont inuing  program of r e g i o n a l  g r a v i t y  mapping 
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Fig.  1. Above: Change o f  tilt o f  the  i c e  i s l a n d  T-3 over  a 
f ive-month pe r iod  i n  1952 as measured w i t h  a bubble l e v e l  
f rozen i n  the  i c e .  Below: Change o f  atmospheric pressure 
g rad ien t  over  the  same t ime pe r iod  as determined from synopt ic  
weather maps. Drawn from o r i g i n a l  p u b l i c a t i o n  [Z]. 

over  t h e  Arctic Ocean. Such sea l e v e l  changes,  i f  they  occur ,  would s i g n i f i -  

c a n t l y  a f f e c t  our  g r a v i t y  measurements. For i n s t a n c e ,  i f  an  ocean tilt of 

two seconds of a r c  e x i s t e d  over  a d i s t a n c e  of 1000 km, an e l e v a t i o n  change 

of t he  sea surface of 10 m would r e s u l t .  This  would change t h e  g r a v i t y  

anomaly by 2.7 mgal. 

of 20.1 mgal, we were motivated t o  measure t h e  tilt of t h e  f l u i d  s u r f a c e  of 

t h e  ocean i n  t h e  v i c i n i t y  of t h e  North P o l e  by o p t i c a l  l e v e l i n g  us ing  a 

DKM-3 t h e o d o l i t e  [ 3 ] .  W e  d r i l l e d  t h r e e  h o l e s  through t h e  i ce  and l eve led  

from water s u r f a c e  t o  water s u r f a c e - - f i r s t  i n  one,  then  i n  t h e  o t h e r ,  d i r ec t ion - -  

Since g r a v i t y  obse rva t ions  are made wi th  an accuracy  
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i n  o rde r  t:o provide  a means of computing atmospheric r e f r a c t i o n .  Two sets 

of obse rva t ions  were taken a t  a d i s t a n c e  of about  56 km from t h e  North Pole  

a t  about  0400 gmt on May 11 and a t  1800 on May 13, 1967. Both measurements 

showed a downward tilt of 8+2 seconds of arc i n  t h e  d i r e c t i o n  of 100" and 

150' east of Greenwich, r e s p e c t i v e l y .  

The f a c t  t h a t  t h e  d i r e c t  and reversed  measurements were no t  made con- 

c u r r e n t l y  c rea t ed  a problem r e l a t e d  t o  t h e  ques t ion  of t h e  cons i s t ency  of 

atmospheric r e f r a c t i o n ,  even though t h e  b a s i c  technique  c o r r e c t s  f o r  t h i s  

f a c t o r  [ 3 ] .  Never the less ,  t h i s  experiment showed t h a t ,  i f  our  measurements 

are c o r r e c t ,  l a r g e  ocean t i l t s  i n  t h e  p o l a r  r eg ion  may occur .  

a tmospheric  r e f r a c t i o n ,  t h i s  technique i s  no t  s u i t a b l e  f o r  t h e  degree of 

p r e c i s i o n  which w e  d e s i r e d .  The sea rch  f o r  a b e t t e r  method l e d  t o  t h e  

development of a h y d r o s t a t i c  l e v e l i n g  system t h a t  w a s  t e s t e d  i n  t h e  v i c i n i t y  

of t h e  North Pole  i n  A p r i l  and May 1969 and i n  t h e  Gulf of S t .  Lawrence 

i n  March 1970 [ 4 ] .  

Because of 

The p r i n c i p l e  of h y d r o s t a t i c  l e v e l i n g  i s  shown schemat i ca l ly  i n  Fig.  2. 

Two open r e s e r v o i r s ,  1 and 2 ,  are connected by a tube  and t h e  system i s  

f i l l e d  w i t h  a low v i s c o s i t y  f l u i d .  

cond i t ions  of equa l  atmospheric p r e s s u r e s  a t  1 and 2 and cons t an t  f l u i d  

temperature  throughout t h e  system, t h e  f l u i d  s u r f a c e  i n  t h e  two r e s e r v o i r s  

form p a r t  of t h e  same e q u i p o t e n t i a l  s u r f a c e  independent of t h e  tube pa th .  

I f  t h e  system i s  no t  moving, and under 

RESERVOIR f RESERVOIR 2 

Fig.  2. P r i n c i p l e  o f  h y d r o s t a t i c  l e v e l i n g  f o r  measuring ocean tilt. 
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I f  Ah, and Ah, are t h e  level d i f f e r e n c e s  between t h e  f l u i d  levels of  t h e  

r e s e r v o i r s  and t h e  ocean s u r f a c e ,  and s i s  t h e  s e p a r a t i o n  between t h e  two 

r e s e r v o i r s ,  t hen  t h e  tilt is  mi - . 
S 

The a c t u a l  l e v e l i n g  system c o n s i s t s  of two i n s u l a t e d  3 m p l a s t i c  p i p e s  

which form two w e l l s .  The p i p e s  are f rozen  i n t o  t h e  i ce ,  and t h e  water 

i n s i d e  t h e  w e l l s  is  prevented from f r e e z i n g  by e l e c t r i c  hea t ing  (Fig.  3 ) .  

Rigid ly  bo l t ed  t o  t h e  p i p e s  are two r e s e r v o i r s  connected by a h o r i z o n t a l  

Tygon tube  and f i l l e d  w i t h  a s i l i c o n e  f l u i d  of low v i s c o s i t y .  

Fig. 3. Schematic diagram of hydrostatic leveling system. 
tilt a is A h 1  - Ah.9 . 
tube length 120 m, tube diameter 1.27 cm, reservoir 
height 12 cm, and reservoir diameter 4.6 cm. 
is filled with a low viscosity silicone fluid. 

The instrument dimensions are: 
s 

The system 

I n  developing t h e  system w e  a t tempted t o  keep t h e  measurement of t h e  

l e v e l  d i f f e r e n c e  

+2 x 
l e n g t h  of s = 120 m.  

Ah, - Ah, (Fig.  3)  w i t h i n  a s tandard  d e v i a t i o n  of 
m y  r e s u l t i n g  i n  a s e n s i t i v i t y  of k1.6 x lo-’ r a d i a n s ,  w i th  a l e v e l  
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On a d r i f t i n g  ice  f l o e ,  a v a r i e t y  of d i s t u r b a n c e s  act on t h e  hydro- 

s t a t i c  level,  and t h e i r  e f f e c t s  r e q u i r e  cons ide ra t ion .  The h y d r o s t a t i c  

l e v e l  is  a f f e c t e d  s p e c i f i c a l l y  by temperature  changes i n  t h e  f l u i d ,  by 

d e n s i t y  changes of t h e  water i n  t h e  w e l l s ,  by atmospheric p re s su re  g rad i -  

e n t s ,  and by d i f f e r e n t i a l  f low of t h e  water below t h e  w e l l s  (Be rnou l l i  

e f f e c t ) .  I n  a d d i t i o n ,  i n h e r e n t  i n  any method of t ilt  measurements from a 

moving p la t form,  t h e  system i s  a f f e c t e d  by h o r i z o n t a l  a c c e l e r a t i o n s  and by 

t h e  C o r i o l i s  f o r c e .  The e f f e c t  of some of t h e s e  f o r c e s  and d i s tu rbances  

can b e  minimized by proper  instrument  des ign;  some can be co r rec t ed  f o r ,  

o r  neg lec t ed ,  depending on i c e  d r i f t  and atmospheric  cond i t ions .  

The instrument  i s  i l l u s t r a t e d  schemat i ca l ly  i n  F igs .  3 and 4 .  The 

l e v e l  d i f f e r e n c e  Ah, - Ah, i s  determined by measuring t h e  l e v e l  d i f f e r e n c e s  

f l y  w , ,  f 2 ,  u2 r e l a t i v e  t o  a l e v e l  p l a t e  us ing  poin ted  measuring rods  

connected t o  micrometers.  The s e n s i t i v i t y  of t h e  system i s  g iven  by t h e  

r a t i o  of t h e  smallest f l u i d  l e v e l  d i f f e r e n c e  Ah, - Ah2 t h a t  can be measured 

and t h e  level l e n g t h  S .  

can b e  determined i s  l i m i t e d  by  t h e  movement of t h e  water l e v e l  i n  t h e  

w e l l .  

t i o n s  t h e  level h e i g h t s  W 1  and W ,  (Fig.  4 )  can be  measured wi th  a s tandard  

d e v i a t i o n  of about  k0.8 x 10 a cm. 

Level  measurements w i th  a rod assembly can be  repea ted  t o  an accuracy 

The accuracy  w i t h  which t h e  q u a n t i t y  Ah., - Ah, 

The r e s u l t s  of many obse rva t ions  have shown t h a t  under calm condi- 

of a f e w  microns,  and t h e r e f o r e  t h e  s e n s i t i v i t y  of t h e  instrument  i s  n o t  

l i m i t e d  by t h e  accuracy  wi th  which level d i f f e r e n c e s  of t h e  f l u i d  can be 

sensed,  b u t  r a t h e r  by t h e  e f f e c t  of t h e  movement of t h e  water s u r f a c e  i n  

t h e  w e l l s  and by t h e  e f f e c t  of e x t e r n a l  d i s t u r b a n c e s  such as temperature  

changes,  a tmospheric  p r e s s u r e  changes,  and ice  movements. These e x t e r n a l  

e f f e c t s  can b e  neg lec t ed  i f  t h e  r e s u l t i n g  f l u i d  l e v e l  displacement  does 

no t  exceed k1.0 x lo3  cm; t hey  must b e  co r rec t ed  i f  t hey  are g r e a t e r .  

The th re sho ld  v a l u e  of t h o s e  d i s t u r b a n c e s  below which t h e  e f f e c t s  can be  

neglec ted  are summarized i n  Table  I. 

Commonly t h e  pack ice d r i f t s  a t  speeds and a c c e l e r a t i o n s  which are 
a magnitude l a r g e r  t han  t h e  th re sho ld  v a l u e s ;  of a l l  t h e  e x t e r n a l  e f f e c t s ,  

t h e  system i s  most s e n s i t i v e  t o  d r i f t  speed and a c c e l e r a t i o n .  P r e c i s e  

nav iga t ion  is t h e r e f o r e  a p r e r e q u i s i t e  t o  p r e c i s e  tilt measurements. I n  
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Fig.  4. Diagram o f  inst rument .  Level d i f f e rences  f and w o f  F ig .  3 
are  measured r e l a t i v e  t o  a l e v e l  p l a t e  w i t h  po in ted  s tee l  rods 
at tached t o  micrometers. 
r e s e r v o i r  i s  measured w i t h  thermis to rs .  The r e f l e c t i o n  o f  the  
p i l o t  l i g h t  i n  the  we l l  serves t o  i n d i c a t e  when the  p o i n t  touches 
the  water . 

The temperature o f  the f l u i d  i n  the  
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t h e  Arctic Ocean, we determined our  a b s o l u t e  p o s i t i o n  from as t ronomica l  f i x e s  

and our  r e l a t i v e  motion by ranging from a c o u s t i c  t ransponders  on t h e  ocean 

f l o o r .  I n  t h e  Gulf of S t .  Lawrence, w e  used Decca nav iga t ion .  

T a b l e  I - 
Err0 r Source T h r e s h o l d  Val ue 

1. Temperature of t h e  h y d r o s t a t i c  f l u i d  +0.06' C 

2. Densi ty  change of t h e  w e l l  water 55 x g 

3 .  Atmospheric p r e s s u r e  g r a d i e n t  

4 .  D i f f e r e n t i a l  f low (Bernou l l i  e f f e c t )  

5. Horizontal a c c e l e r a t i o n s  1 . 6  x cm 

6.  D r i f t  v e l o c i t y  ( C o r i o l i s  f o r c e )  1.1 cm s-' 

30 pbar  km-' 
V I 2  - V 2 2  < 2 c m 2  s-* 

(1) As long as  t h e  connect ing tube  i s  p e r f e c t l y  h o r i z o n t a l  
on ly  t h e  temperature  d i f f e r e n c e s  of t h e  f l u i d  between t h e  two 
r e s e r v o i r s  matters. It i s  measured t o  an accuracy  of 50.01"C 
us ing  the rmis to r s .  (2) The p o s s i b i l i t y  of d e n s i t y  changes of 
t h e  seawater i n  t h e  wells i s  avoided by pumping t h e  o l d  water 
o u t  of t h e  w e l l s  be fo re  each measurement. (3)  Atmospheric 
p r e s s u r e  g r a d i e n t s  i n  excess  of 30 pbar  k"' are rare. 
and V ,  are t h e  c u r r e n t  speeds of  t h e  water f lowing p a s t  t h e  
bottom openings of t h e  w e l l s  which cause a p r e s s u r e  dec rease  
i n  t h e  w e l l s .  
r e n t  speeds of less than  8 cm s-'. 
d r i f t  t h e  f low rate must b e  measured wi th  c u r r e n t  meters. 
(5) The component of t h e  a c c e l e r a t i o n  i n  t h e  d i r e c t i o n  of t h e  
level a x i s  and ( 6 )  t h e  v e l o c i t y  component a t  r i g h t  a n g l e s  t o  
t h e  level axis must be cons idered .  The system i s  made insen-  
s i t i ve  t o  v e r t i c a l  a c c e l e r a t i o n s  (wave motions) by choosing 
i t s  dimensions such t h a t  t h e  dynamic response  of t h e  level 
f l u i d  i s  c r i t i c a l l y  damped. 

( 4 )  V I  

The Bernou l l i  e f f e c t  i s  i n s i g n i f i c a n t  f o r  cur-  
During p e r i o d s  of r ap id  
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The r e s u l t s  of t h e  t ilt  measurements near  t h e  North P o l e ,  determined 

wi th  two h y d r o s t a t i c  levels ,  are l i s t e d  i n  Table  11. D i r e c t i o n s  are w e s t  

of Greenwich. The observed t i l t  h a s  been c a l c u l a t e d  from t h e  mean of 40 

measurements of t h e  level  d i f f e r e n c e s  fl, f 2 ,  w l ,  w 2  (Fig.  3) a f t e r  cor rec-  

t i o n s  f o r  t h e  temperature  changes of t h e  r e s e r v o i r  f l u i d s  had been a p p l i e d .  

Table I1 

Date 

P o s i t i o n  

T i m e  (GMT) 

D r i f t  speed (cm/sec, c o n s t a n t )  

D i r e c t i o n  of d r i f t  

D i r e c t i o n  of level  a x i s  

Observed tilt* 

True tilt  ( C o r i o l i s  c o r r e c t e d ) *  

LeveZ I 

A p r i l  30169 

89" 29.2' N ,  
31" 30' W 

0200 

5.6 

300" 

248" 

4 .71f0 .07  

5.2220.07 

LeveZ II 

May 2/69 

89" 25.0' N ,  
21" 00' w 

2200 

1.8 

56" 

129" 

3.15f0.08 

3.23f0.08 

"Down-slope i n  d i r e c t i o n  of level  a x i s ,  i n  u n i t s  of micro-radians.  

T i l t  o b s e r v a t i o n s  i n  t h e  Gulf of S t .  Lawrence were c a r r i e d  o u t  i n  a n  

area between Amherst I s l a n d  and t h e  e a s t e r n  t i p  of P r i n c e  Edward I s l a n d .  

The sea s u r f a c e  s loped down i n  a n o r t h e r l y  d i r e c t i o n .  Pre l iminary  r e s u l t s  show 

show t h a t  t h e  observed t i l t  ranges from -0.4 t o  3.5 x 1 0  r a d i a n s  [ 4 ] .  -6 

Tests have shown t h a t  i t  i s  q u i t e  f e a s i b l e ,  by u s i n g  f l o a t s  and d i s -  
placement t r a n s d u c e r s ,  t o  modify t h e  system so t h a t  i t  measures t i l t  

a u t o m a t i c a l l y  and cont inuous ly .  

I n  conclus ion ,  w e  have shown a method t h a t  has  been exper imenta l ly  

t e s t e d  and which shows promise of measuring t h e  t i l t  of a f r o z e n  ocean w i t h  

a n  accuracy  which i s  almost  a hundred times g r e a t e r  than  p r e v i o u s  methods. 

W e  b e l i e v e  t h a t  i t  i s  impor tan t ,  from both  geophys ica l  and oceanographic 

p o i n t s  of v i e w ,  t o  u s e  s e n s o r s  of t h i s  type  over  b a s e l i n e s  which are of t h e  

o r d e r  of 10' km i n  l e n g t h  t o  determine t h e  e x t e n t  and p e r s i s t e n c e  of ocean 
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tilts. 

four  p a i r s  of s e n s o r s  a t  t h e  c o r n e r s  of a 100 km square  wi th  an a d d i t i o n a l  

p a i r  i n  t h e  center. These would permit  t h e  s ta t i s t ica l  c a l c u l a t i o n  of  

p l a n a r ,  q u a d r a t i c ,  and cubic  t ilt  s u r f a c e s  wi th  vary ing  degrees  of over- 

de te rmina t ion ,  s i n c e  t h e r e  w i l l  be  t e n  d i s t i n c t  measurements of ocean tilt  

a t  t h e s e  f i v e  s t a t i o n s .  

A d e s i r a b l e  experiment of t h e  f r o z e n  Arctic Ocean might i nvo lve  
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INTRODUCl'ION 

The problem of t h e  i c e  ba lance  of t h e  Arctic Ocean has  h i t h e r t o  been 

c0nsidere.d i n d i r e c t l y .  For example , Vowinckel (1964) determined i c e  expor t  

from a s tudy  of wind and c u r r e n t  ice  d r i f t  through t h e  Greenland-Spitsbergen 

Ahlmann (1953) ,  by comparing t h e  i ce  th i ckness  recorded by t h e  Fram gate ."  11 

exped i t ion  wi th  t h a t  t aken  by t h e  Sedov personnel ,  concluded a nega t ive  

ba lance  f o r  t h e  pe r iod  1894-1938. 

ca t ed  remote sens ing  systems, i t  should prove f e a s i b l e  t o  determine t h e  i c e  

ba lance  more d i r e c t l y .  Put  i n  i t s  s imples t  form, t h e  i c e  ba lance  of t h e  

A r c t i c  Ocean can be  expressed by 

With t h e  advent of i n c r e a s i n g l y  s o p h i s t i -  

where C and A are the  accumulation and a b l a t i o n  of i c e ,  G i s  t h e  ice exported 

by d r i f t  ou t  of t h e  A r c t i c  Ocean, and B i s  t h e  n e t  balance.  

I f  a cont inuous record  of ice  th i ckness  can be taken by remote sens ing ,  

then  t h e  s o l u t i o n  t o  (1) can b e  based on d a t a  from a series of r e p r e s e n t a t i v e  

f l i g h t s  over  t h e  Arctic Ocean made a t  t h e  same t i m e  each year .  

" f ixed  date"  method ("Mass Balance Terms," JournaZ of GZacioZogy , 1969) 

o f t e n  used i n  g l a c i e r  mass ba lance  c a l c u l a t i o n s .  

e s s e n t i a l  t o  determine t h e  re la t ive coverage of each i c e  type  and then o b t a i n  

a b e s t  estimate of t h e  mean th i ckness .  

1970) t h e  LASER p r o f i l e r  appears  t h e  most promising remote sensor  i n  t h i s  

r e s p e c t .  

This  i s  t h e  

F a i l i n g  t h i s ,  i t  w i l l  be 

From recen t  work ( e .g . ,  Ketchum, 

There is t o  d a t e  scan t  in format ion  on t h e  d i s t r i b u t i o n  of t h e  va r ious  

ice  types  i n  t h e  Arctic Ocean, s o  t h a t  t h e  d a t a  recorded by t h e  B r i t i s h  Trans- 

Arctic exped i t ion  i n  1968 and 1969 are of va lue  i f  on ly  t o  b r i n g  a b e t t e r  

p e r s p e c t i v e  t o  t h e  problem o f  ice ba lance .  
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METHODS 

Between February 21, 1968, and May 2 7 ,  1969, the British Trans-Arctic 

Expedition crossed the Arctic Ocean between Barrow, Alaska, and a small 

island of f  the coast of Spitsbergen (Fig. 1). During the crossing, a log of 
the topography was kept and more than 250 holes were drilled through old ice 

and more than 100 through one-year ice to measure thickness. 
August, 1968, the ablation of amulti-year floe and the change of topography 

due to melting were measured. In winter 1968-1969, ice production in the 

local camp area was estimated by closely monitoring ice growth in fractures 
and under old ice. 

In July and 

ACCURACY 

A s  the prime motive of the expedition was not a scientific one, the 

majority of the observations made during the travel periods were recorded 

while on the move. Briefly, the more serious errors result from the diffi- 

culty of determining the age of the ice, and the possible nonrepresentativeness 

of the traverse. While the extent of the latter error is impossible to 

determine at present, the dating error is believed to have led to an under- 
estimating of the coverage of first-year ice by 2 to 3 per cent. 

RELATIVE COVERAGE OF ICE TYPES AND ICE-FREE AREAS 

The relative coverage of deformed, old, and young ice, and ice-free 

areas is shown in Table I and Fig. 2 .  

The extent of ridges and hummocks below the waterline (i.e., keels 

and bummocks) has been calculated from a pressure ridge model similar to 

Wittmann and Schule's (1966). From a study of under-ice profiles recorded 

by U.S. nuclear submarines, Wittmann and Schule (1966) found that 18 per cent 
of the ice was ridged in the winter of 1960 and 1 3  per cent in the summer of 
1962. There is a difference of 3 per cent between the BTAE and the submarine 
data. Old bummocks and ice keels have presumably been included in the cal- 

culation from the submarine profiles, whereas in the present data, ridges 

and hummocks more than two years old and smoothed by summer ablation were 
recorded as unridged old ice. The difference in definition and a genuine 

12  



13 



V O  K) 

0 

I 

89ON 

Fig. 2. Distribution of ice types between 89'N and 81'N along 
approximately 30'E expressed as percent of total area. 
1. mean value in the Pacific Gyral, 2. mean value in the 
Transition Zone. A. hummocks and ridges, B. bummocks and 
keels. 
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annual variation may account for the 3 per cent discrepancy between the 

BTAE and the submarine data. 
The term ice-free is defined in the WMO ice glossary (Dunbar, 1969) 

as "no sea ice present." 
loosely used to include areas in which the ice cover consists of frazil 

or grease ice, both of which form in a few hours in midwinter. 

North Pole and Spitsbergen, only 0.6 per cent of the area crossed by the 

expedition was ice-free (Table 1 and Fig. 2 ) .  In March and early April, 
when the expedition was within a few degrees of the North Pole, only 

0.2 per cent of the area was ice-free. Badgley (1966), on theoretical 

grounds, considered that less than 1 per cent of the Central Arctic Ocean 
should be ice-free in winter; Untersteiner (1964) considered the coverage 

to be less than 0.5 per cent. 

of 1960 found an ice-free coverage of 1.8 per cent (Wittmann and Schule, 
1966). 
11.0 per cent. of the total area (Wittmann and Schule, 1966); this percent- 
age seems unreasonably high. 

In the present context, however, the term is 

Between the 

Profiles taken by the USS Sargo in the winter 

"Birds-eye" flight data give a mean winter ice-free coverage which is 

Nilas, young, and first-year ice will be referred to collectively as 

first-yea.r ice. The Gyral shows the smallest first-year ice coverage. 
This is in agreement with theoretical considerations of ice drift in the 
Arctic Ocean (e.g., Campbell, 1965) which predict a higher occurrence of 

convergent ice flow in the Pacific Gyral than elsewhere. The most extensive 
coverage of first-year ice crossed by the BTAE was between 85'N and 88'N 
along longitude 140"W (Fig. 1). 

I C E  THICKNESS 

Despite the fact that 75 per cent of the thickness measurements were 

taken through old ice, there is a wide range of thicknesses (Fig. 3 ) .  

However, ,a mean multiyear floe thickness is more important for the purposes 

of the present study. This may be termed a mean steady state thickness zss 
which is dependent on the relative coverage and thickness of hummockedlponded 
and level/unponded ice. The relative coverages have been measured from a 
set of aerial photographs taken by the Polar Continental Shelf Project in 
the LincolLn Sea in July, 1968, and from photographs taken by the BTAE. The 
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mean thickness of undeformed old ice is taken from the ice thickness data. 
A mean hummock thickness of 10 m has been estimated from a leveling profile 
across a multiyear floe and an above/below relationship of 1:7. 

[&..I* is calculated to be 347 cm in the Pacific Gyral, 300 cm in the 

Trans-Polar Drift Stream, and 323 cm in the transition zone between the two. 

The high value for xss in the Pacific Gyral is due t o  the large number of 

hummocks on the relatively old multiyear floes there. 

The mean thickness of  the entire ice cover crossed by the expedition 

has been calculated from the extent and thickness of each ice type, including 

both undeformed and deformed ice. The results are shown in Table 11. 

is greatest in the Pacific Gyral, which again agrees with both the theoreti- 

cal and the observed patterns of ice drift in the Arctic Ocean. 

<ht> 

ACCUMULATION 

The accumulation of snow, superimposed ice, and fresh-water ice (i.e., 
ice forming at the salt-water/fresh-water interface in summer) was measured 

on the expedition; the results are shown in Fig. 4 and Table 11. 
First-year ice may be in either unridged or ridged forms. In the 

process of ridging of new ice, some old ice is often incorporated into the 

ridge. 

ridges contained some old ice. However, the total amount of old ice in first- 

year ridges is probably no more than 5 per cent, and the calculations of the 

amount of new ice in ridged form have been corrected by this amount. The 

amount of new and first-year ice crossed by the expedition (i.e., the winter 

balance of ice less than one year old) is given in Table 111. 

Between the North Pole and Spitzbergen, 15.8 per cent of the new 

Between October 2 ,  1968, and February 23,  1969, ice production in 

fractures forming in an area approximately 5 km square was measured. 

area was traversed daily and the width of new fractures estimated. The 

The 

* Throughout the text, a symbol in angle brackets, such as <&-, denotes a 
value meaned over the total ice and ice-free area. A symbol in square 
brackets, such as [ b , ] ,  refers to a value meaned over the area covered by 
the type of ice denoted by the suffix. 
expressed as percentages of the total ice and ice-free areas (At). 

Areas (for example, A , )  are always 
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Table I 

I c e  type, expressed as percent  o f  d is tance covered 
between 90"N and 81°N along long i tude  30"E 

% of Total. 

Old ice 73.0 

New ice, nilas, young ice, first-year ice 17.0 

Xce-f ree 0.6 

Hummocked or ridged ice (a) 9.0 

Ilummocked or ridged ice (b) (14.5) 

(a) surface (b) bummocks and keels - for calculation, see text. 

Table I1 

I c e  expor t  (9 )  , accumulation ( e )  , a b l a t i o n  (a) , balance, and th ickness 
i n  the  A r c t i c  Ocean (cm o f  i c e )  

Region 

Trans-Po1ar 62.8 58.1 61.2 46.3 16.2 0 0.3 387.0 368.0 Drift Stream 

Pacific 
Gyral 48.8 58.7 43.9 35.0 13.6 0 0.2 456.0 435.0 

Transition 30.5 70.9 37.8 25.2 4.9 0 0.4 441.0 410.0 
Zone 

All values are the equivalent of a continuous ice layer covering 
the region referred to in the first column. t is a total va:Lue, 
1 - first-year ice, ss - floes of steady-state thickness, x - floes 
older than first-year but younger than steady-state floes, 
formed at the salt-water/fresh-water interface in summer, p - 
perimeter thickness (see text), e - effective thickness (see text). 

- ice 
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thickness of ice 
total ice production in fractures in the study area is shown in Table 111. 

Between October 2, 1968, and January 2, 1969, the figures refer essentially 
to three 400 m by 600 m floes and the fractures at their edges. After 

January 2, 1969, the study area included two large polynyas which opened at 

the edges of the floes. The polynyas increased the new-ice coverage in the 

study area to 70 per cent, which is clearly unrepresentative of the Pacific 
Gyral as a whole. If the growth rate of ice in fractures between October 2, 

1968, and January 2, 1969, is extrapolated to cover a September 1- to mid- 
May growth period, the annual new-ice (or first-year ice) growth in the 

study area becomes 26-56 cm/cm2. 
first-year ice growth in the Pacific Gyral gives a comparable figure of 

49.1 cm/cm2. 

forming in new fractures was measured by drilling. The 

A calculation from the ice-log data of 

ABLATIOiV (a), BALANCE (b )  , AND EXPORT (9) 

Ablation measurements on the BTAE were made only on a multiyear floe 
where the mean ablation (including hummocks and ponded ice) was 48-6 cm/cm2. 

The ablation of younger ice has been related to this figure (see Table IV). 
In the case of undeformed first-year ice, a-cording to Yanes (1962), 

- - 
a, = 1.4 a,, 

where the suffixes 1 and ss refer to first-year and multiyear ice, respec- 
tively. From (2) , a, in 1968 was 77.0 cm/cm2. 

BTAE measurements showed that new ridges and hummocks ablate at 2.6 

times the rate of undeformed first-year ice, but as they contain 15 per 
cent air voids, 

- - - 
a, = ah = 0.85 2..6 a,, = 110 cm/cm2 . (3)  

Ice growth under multiyear floes of less than mean steady-state 

thickness is greater than ablation. As no separate study of floes of this 
age was made, the ice balance on them (i.e., e - a )  must be calculated. 

To attain a mean steady-state thickness ( :Fss) ,  a first-year floe of 
thickness [TI] must have a total net balance [Ex] of [Ks,] - [k,] over a 
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per iod  m, - 1 y e a r s ,  where ml is  t h e  age,  i n  y e a r s ,  of a f l o e  which h a s  j u s t  

a t t a i n e d  mean s t e a d y - s t a t e  t h i c k n e s s .  To estimate a maximum v a l u e  f o r  [ k , ] ,  
t h i c k n e s s  measurements taken  i n  May, 1968, and May, 1969, through f i r s t - y e a r  

f l o e s  where t h e  uppermost 30 cm w a s  fresh-water i ce  ( i . e . ,  beginning i t s  

growth i n  l a t e  August) have been used. 

204 cm. Using t h e  prev ious  v a l u e s  of [zss] i n  [h,,] - [z',], t h e  v a l u e  of 

[B,], where 

T r a n s i t i o n  Zone, and 96 cm i n  t h e  Trans-Polar D r i f t  S t ream.  

The mean of  t h e s e  measurements i s  

1 < x: < m ,  y e a r s ,  i s  142 cm i n  t h e  P a c i f i c  Gyra l ,  119 cm i n  t h e  

Ice d r i f t  i n  t h e  Trans-Polar D r i f t  S t r e a m  may b e  considered as stream 

flow where i c e  leaves t h e  stream between Greenland and Spi t sbergen .  A s  a 

f i r s t  approximation, t h e r e f o r e ,  

A, = A ,  = A3 = . . . . . = A ,  ( 4 )  

where A i s  t h e  area of i c e  1, 2 ,  3 ,  and o y e a r s  o l d .  CT i s  t h e  age ,  i n  y e a r s ,  

of t h e  o l d e s t  i c e  commonly p r e s e n t  and i s  g iven  by 

0 = At/A1 . ( 5 )  

I n  t h i s  case, A ,  i n c l u d e s  areas of r idged  and hummocked new and f i r s t - y e a r  

ice .  I n  t h e  Trans-Polar  D r i f t  Stream, A ,  i s  equal  t o  19.9 p e r  c e n t  of At, 
so  t h a t  O i s  5.0 y e a r s .  However, hummocking annual ly  reduces  t h e  area of  

o l d  i ce  by a n  amount R which can b e  c a l c u l a t e d  from 

where A i s  t h e  area of hummock f i e l d s  composed of o l d  i ce  (6 p e r  cent  i n  

t h e  Trans-Polar D r i f t  Stream),  [kq] i s  t h e  mean hummock-field t h i c k n e s s  (10 m), 

and [ z d ]  i s  t h e  mean t h i c k n e s s  of t h e  i ce  b e f o r e  hummocking ( i . e . ,  

4 

i n  ( 6 )  g i v e s  t h e  o r i g i n a l  e x t e n t  of undeformed ice  
[Z,I + [h,,l 

[xd 1 1 .  2 

1 t h a t  t h e  hummock f i e l d s  formed from; - reduces  t h e  t e r m  t o  an annual  va lue .  
CT 

I n  t h e  Trans-Polar D r i f t  S t r e a m  R i s  equal  t o  3.5 p e r  c e n t  of t h e  t o t a l  i ce  

and i c e - f r e e  area. 
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Table I11 

Ice growth i n  a small area in the Pac i f ic  Gyral, 
October 5,  1968, t o  February 22,  1969. 

( i n  cm o f  i ce  a day) 

1015-10/20  1 0 / 2 0 - 1 2 / 1 4  1 2 / 1 4 - 1 / 2  112-2122 

Total new ice growth .312 .193 .425 1 . 6 4 4  

.155 New ice growth in 
recurring fracture .161 .283 .246 

-- -- -- 1.255 New ice growth in 
polynyas 

New ice growth 
el sewhere .157 .032 .142 .143 

Ice growth under old ice is not included in these figures, 
which are expressed as a continuous layer covering the 
entire area examined. 

Table IV 

Ice ab la t ion ,  lowering of the surface on a multiyear f loe .  

Percentage 

New ridges 260 

Old hummocks 61 

Level areas 100 

Ponds, ice surface 168 

Ponds, water surface 7 3  

Measurements are expressed as percentages of 
of lowering of level areas where surface 
ablation of ice July and August 1969 was 
40-45 glcm. 
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The area of i c e  n y e a r s  o ld  (A,) f o r  n 7 1 year  i s  then  g iven  by 

A more a c c u r a t e  v a l u e  f o r  0 ,  i n  y e a r s ,  can then  b e  found from 

0 

At - A ,  = 1 A ,  (1 - R),-, dn . (8) 
1 

P u t t i n g  At = 100, R = 3.5, and A ,  = 19.9,  

i s  i n  reasonably  c l o s e  agreement wi th  t h e  d r i f t  per iod  of Russian f l o e  

s t a t i o n s  and the Maud and Fram (Dunbar and Wittmann, 1962). 

0 i s  5.4 yea r s .  T h i s  0 v a l u e  

A s  from thermodynamic c o n s i d e r a t i o n s ,  t h e r e  i s  no i ce  growth where 
- -  
h 5 h,, ; t h e  area of hummock f i e l d s  more than  a year  o l d  must be  s u b t r a c t e d  

from t h e  area of o l d  i ce ,  s o  t h a t  

where Ax i s  t h e  area of o l d  i c e  of less than  s t e a d y - s t a t e  t h i c k n e s s .  

U n t e r s t e i n e r  (1961) has  c a l c u l a t e d  t h a t  xssis a t t a i n e d  i n  7-8 y e a r s  from 

i c e - f r e e  condi t ions .  However, t h e r e  i s  no s i g n i f i c a n t  d i f f e r e n c e  between 

t h e  se t  of o ld- ice  t h i c k n e s s  measurements from t h e  P a c i f i c  Gyral  and t h e  

set  from t h e  Trans-Polar D r i f t  S t r eam,  d e s p i t e  t h e  f a c t  t h a t  i c e  may c i r c u -  

l a t e  f o r  cons iderably  longer  p e r i o d s  i n  t h e  P a c i f i c  Gyral.  S i m i l a r  o ld- ice  

t h i c k n e s s e s  i n  each area, t h e r e f o r e ,  i n d i c a t e  t h a t  hss i s  a t t a i n e d  i n  

both-- i .e . ,  i n  less than  5 . 4  yea r s .  

a t t a i n e d  i n  less than  5 . 4  y e a r s ;  t h i s  assumption i n t r o d u c e s  a maximum e r r o r  

of 1 0  p e r  c e n t  ( i . e . ,  i f  h,, i s  a t t a i n e d  i n  2 y e a r s ) ,  

Equation (9) assumes t h a t  hss i s  n o t  

- 

The annual  ba lance  of i c e  x y e a r s  o l d  (&,>) where 1 < x <: 5 . 4  i s  

given by 

wi th  A, := 74.1 p e r  c e n t  and Bx = 96 cm. <Fx> i s  16.2 cm of i ce .  
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The same arguments do no t  apply  t o  t h e  P a c i f i c  Gyral  where, due t o  t h e  

c i r c u l a t o r y  p a t t e r n  of t h e  d r i f t  (Fig.  l) ,  ice of a l l  ages  may d r i f t  o u t  of 

t h e  Gyral i n  any one year .  I f  t h e r e  i s  a cons t an t  dec rease  i n  t h e  area of 

any one y e a r ' s  i c e  wi th  t i m e  R' (due t o  both  ice expor t  and ice  deformat ion) ,  

then  

A t  = A ,  + ( A 1  - R ' )  + ( A ,  - 2R' )  + . * . . *  + [ A ,  - (n- i ' )R ' ]  (11) 

from which 

I n  1968, 11.6 p e r  cen t  of t h e  ice  crossed  i n  t h e  Gyral w a s  i n  i t s  f i r s t  

year .  S u b s t i t u t i n g  t h i s  va lue  i n  (12) g i v e s  0 equa l  t o  18.3 yea r s .  A s  t h e r e  

i s  an exponen t i a l  r a t h e r  than  a l i n e a r  dec rease  i n  area of any one y e a r ' s  i ce  

wi th  t i m e ,  18 .3  yea r s  must be  regarded as a lower l i m i t  of 0.  

As ice  a t t a i n s  xss- i n  t h e  Trans-Polar D r i f t  Stream where 0 i s  5.4 y e a r s ,  x 
can be  approximated by 1 < x < 5 . 4  years .  The area of ice x y e a r s  o l d ,  

where t h e r e  i s  a p o s i t i v e  ice  ba lance ,  i s  g iven  by 

1 A, = 1" A ,  - 5 [A,(,-1) - A s ]  dx 

where !k i s  t h e  area of i ce  hummocked annual ly  and where t h e  ice  ba lance  i s  

zero .  P u t t i n g  A ,  = 11.6 p e r  c e n t ,  As = 10.8  p e r  c e n t ,  and 0 = 18 .3  y e a r s  

i n  (lo), A, i s  42.3 p e r  cen t  of t h e  t o t a l  i c e  and i c e - f r e e  area i n  t h e  

P a c i f i c  Gyra1,and [from ( l o ) ]  <F,> t h e r e  is  13.6 c m  of i c e .  

0 

Using similar arguments , in  t h e  T r a n s i t i o n  zone <zx> i s  4.85 cm of ice. 

If t h e  ice  ba lance  i n  t h e  A r c t i c  Ocean (<B>) i s  assumed t o  be  i n  a 

s t e a d y - s t a t e  cond i t ion ,  then  

and 

G = C - A .  

Ice expor t  ( G )  can now be  es t imated  us ing  t h e  v a l u e s  of accumulation (C) and 

a b l a t i o n  ( A )  a l r e a d y  c a l c u l a t e d .  The r e s u l t s  are shown i n  Table  111. 
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The area of the Pacific Gyral, the Trans-Polar Drift Stream, and the 

Transition Zone between 

shown in Dunbar and Wittmann (1962, p. 92). The three regions cover 41 
per cent, 55 per cent, and 4 per cent of the Arctic Ocean, respectively. 

If the ice export values in Table I11 are representative, the total annual 

ice export from the Arctic Ocean <Gt> is equal to a layer 55.8 cm thick. 

has been estimated from the pattern of ice drift 

CONCLUSIONS 

The BTAE data, if they are representative, shown that the equivalent 

of a continuous layer of ice 114 cm thick may form in the Arctic Ocean in a 
year. Of this ice, 47 per cent forms in ice-free areas and under first- 

year ice, giving a mean thickness for first-year ice [TI] of 353 cm. 
more than about 200 cm of ice forms from the ice-free water in a single 

winter, the remainder--153 cm--is formed when new ice is piled into ridges 

and hummocks; new ice-free areas then open for ice to form at a very high 

growth rate. Thus, 20.5 per cent of the ice production is indirectly due 

to ridging and hummocking. It seems likely, therefore, that varlations in 

the amount of ice production each year in the Arctic Ocean are more depen- 

dent on variations in the amount of ridging and hummocking than on variations 

in the winter temperature. Consequently, comparisons between the ice 

thickness measurements taken in different years are not meaningful in terms 

of varying ice production and climatic change unless the measurements are 

representative of the entire range of ice types. 

As no 
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ON THE RELATION BETWEEN TURBULENT 
AND AVERAGED ICE-FLOE MOTION 

L.  A. Timokhov 

The equat ions  of  motion f o r  a s i n g l e  i ce  f l o e  [ 2 ,  61 can b e  used t o  

d e s c r i b e  t ' he  motion of a n  i ce  f l o e  when t h e  compactness of t h e  i c e  cover i s  

nonvanishing b u t  n o t  v e r y  l a r g e .  I n  t h i s  case, one must i n t r o d u c e  t h e  addi- 

t i o n a l  f o r c e  F of i n t e r a c t i o n  between t h e  ice  f l o e  under consid.erat ion 

(denoted b:y t h e  s u b s c r i p t  i) and t h e  surrounding i ce  f l o e s :  

i n t  

where denote  t h e  components of 

t h e  drag  ox react ive f o r c e  which r e s u l t s  from t h e  motion of t h e  ice  f l o e  

relative t o  t h e   water;‘^. and u are t h e  components of t h e  f low v e l o c i t y  

a t  t h e  e x t e r n a l  boundary of t h e  l a y e r  i n  which t h e  ice f l o e  exper iences  a 

d i s t u r b a n c e ;  i s  t h e  drag  c o e f f i c i e n t  f o r  i ce  f l o e  i; 
t h e  c o e f f i c i e n t s  of t a n g e n t i a l  wind stress; and a i s  t h e  C o r i o l i s  parameter .  

p, I Vi - u, I ( Vi, - uJ, F i  1 Vi - tii I ( Vi? - uLY ) 

ZX iY 

and T denote  
'ix iY ei 

I n  p r a c t i c a l  a p p l i c a t i o n s ,  i t  i s  of g r e a t e r  importance t o  know t h e  

average d r i f t  v e l o c i t y  of t h e  i ce  cover than  t h e  v e l o c i t y  of  i n d i v i d u a l  ice  

f l o e s .  

v e l o c i t i e s  of  i n d i v i d u a l  floes comprising t h e  i ce  cover of a p a r t i c u l a r  

ocean area and then  averaging t h e s e  r e s u l t s  over  a t i m e  i n t e r v a l .  W e  w i l l  

cons ider  t h e  e f f e c t  of  tu rbulence  upon t h e  average d r i f t  v e l o c i t y ,  assuming 

t h a t  t h e  motion of  i n d i v i d u a l  ice f l o e s  i s  g i v e n  by e q u a t i o n s  of t h e  form (1). 

The average d r i f t  v e l o c i t y  i s  obta ined  by averaging t h e  d r i f t  

"0 Svyazi Turbulentnogo i Osrednennogo Dvizheniya L'dov," ProbZemy A r k t i k i  
i A n t a r k t i k i ,  No. 34, pp. 63-70, 1970. Trans la ted  (November, 1970) f o r  
A I D J E X  by Joachim Bffchner. 
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Averaging over  t h e  d r i f t  v e l o c i t i e s  of t h e  f l o e s  can  be rep laced  wi th  

a s imple averaging of t h e  d r i f t  v e l o c i t i e s  over  t h e  area cons idered .  But 

t h i s  ope ra t ion  cannot  be  d i r e c t l y  app l i ed  t o  the  equa t ions  of (1). I n  equa- 

t i o n s  (l), t h e  v e l o c i t y  components V as  w e l l  as t h e  c o e f f i c i e n t  Bi 
are def ined  on ly  f o r  t h e  p o i n t  a t  which f l o e  i i s  loca ted  and cannot  b e  con- 

s ide red  f i e l d  func t ions .  

and V .  
ix 'LY 

I n  g e n e r a l ,  t h e  t a n g e n t i a l  wind stress, t h e  drag f o r c e s ,  and t h e  i n t e r -  

a c t i o n s  are t u r b u l e n t .  F l u c t u a t i o n s  of t h e  a c t i n g  f o r c e s  modify t h e  p o s i t i o n  

of t h e  f l o e  i n  accordance wi th  t h e  a c t u a l  f o r c e  cond i t ions .  We w i l l  cons ide r  

equa t ions  (1) as  one of t h e  p o s s i b l e  forms of  i c e - f l o e  motion. W e  w i l l  sum 

over  a l l  p o s s i b l e  t r a j e c t o r i e s  pass ing  through t h e  p a r t i c u l a r  element i n  

space.  We w i l l  t hen  d i v i d e  by t h e  t o t a l  number of p o s s i b l e  i c e - f l o e  motions.  

We in t roduce  t h e  p r o b a b i l i t y  p of f i n d i n g  t h e  f l o e  i n  a p a r t i c u l a r  element 

of space.  Then equat ions  (1) t ransform i n t o  t h e  fol lowing equat ions :  

The f u n c t i o n  p expands t h e  area i n  space i n  which t h e  c h a r a c t e r i s t i c s  

The areas ove r l ap  of V k ,  V i y ,  and 6; are determined a t  a p a r t i c u l a r  t i m e .  

where t h e  f u n c t i o n  p and, consequent ly ,  V k ,  ViY, and 6, are de f ined  f o r  

neighboring f l o e s ,  provided t h a t  t h e  i ce - f loe  d r i f t  i s  s u f f i c i e n t l y  

t u r b u l e n t .  

Since t h e  areas i n  which p i s  de f ined  ove r l ap ,  equa t ions  (1) can b e  

t r e a t e d  as equa t ions  f o r  t h e  in s t an taneous  d r i f t  v e l o c i t i e s  of f l o e s  of low 

compactness a t  t h a t  p a r t i c u l a r  p o i n t .  Therefore ,  t h e  equa t ions  can  b e  

r e w r i t t e n  i n  the  form 

where c = B  I V - u  I . 
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i n t  i n t  , and F W e  r e p r e s e n t  the f u n c t i o n s  Vx, Vy, ux, u y ,  e, Txy TYy Fx Y 
as a sum of average  v a l u e s  and f l u c t u a t i o n s ,  bo th  taken  over  a c e r t a i n  time 

i n t e r v a l  A t  and over some area Ax*Ay : 

- 
@ = @ + @ ’ ,  ( 3 )  

i n t  i n t  
where @ = Vx, V e, ux, u , TxY TyY Fx Y and F Y ’  

Y’ Y 

The f l u c t u a t i o n s  of t h e  i n t e r a c t i o n  f o r c e s  between ice  f l o e s  can be 

ignored ,  because,  i n  t h e  c a s e  of d i spe r sed  ice  f l o e s ,  t h e s e  f l u c t u a t i o n s  are 

small compared t o  t h e  f l u c t u a t i o n s  of t he  o t h e r  f o r c e s .  We assume t h a t  t h e  

v a r i a t i o n s  of  t h e  parameter e r e s u l t  from t h e  space-dependent v a r i a b i l i t y  

of t h e  drag c o e f f i c i e n t  P .  
We i n s e r t  t h e  expansion of equa t ion  (3 )  i n t o  t h e  expres s ions  of ( 2 ) ,  

average  over both  t i m e  and space ,  and s u b t r a c t  from equa t ions  (2)  t h e  r e s u l t  

of t h e  averaging .  This r e s u l t s  i n  an  equa t ion  system f o r  t h e  average d r i f t  

v e l o c i t y  of t h e  f l o e s  and t h e  v e l o c i t y  f l u c t u a t i o n s :  

+fY ( V i ,  V i )  = CU’ +- T’ + C’ (4 - Fy). 
Y Y  

I n  t:he expres s ions  (5) f o r  t h e  v e l o c i t y  f l u c t u a t i o n s ,  w e  have neglec ted  

t h e  C o r i o l i s  parameter as t h e  smallest q u a n t i t y .  
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For p r a c t i c a l  purposes ,  i t  i s  important  t o  know how t h e  average d r i f t  

v e l o c i t y  changes; equat ions  ( 4 )  are t h e  b a s i s  of our  cons ide ra t ions .  

Equat ions ( 4 )  do no t  form a c losed  system. 

( 4 )  depend upon t h e  t u r b u l e n t  motion of t h e  f l o e s .  

t h e  problem of determining t h e  average i c e - f l o e  d r i f t  v e l o c i t y ,  we  must 

e s t a b l i s h  express ions  f o r  t h e  t u r b u l e n t  terms 

The v a r i o u s  terms of equa t ions  

To o b t a i n  c l o s u r e  of 

To do t h i s ,  w e  u se  equat ions  (5) ,  which w e  s o l v e  f o r  t h e  f u n c t i o n s  V; and v r  
neg lec t ing  t h e  non l inea r  terms fx and f Y .  

Y' 

We r e p r e s e n t  t h e  s t o c h a s t i c  f u n c t i o n s  which appear i n  equa t ions  (5) 

i n  t h e  form of Four ie r  series: 

where Q f  = V r  v r Y  u;, u i Y  c r y  T ; ~  T I  ; i = J7-. 
x' Y Y 

Afte r  some t r ans fo rma t ions ,  w e  o b t a i n  the  fo l lowing  formulas  f o r  t he  

f l u c t u a t i o n s  of t h e  i c e - f l o e  d r i f t  v e l o c i t i e s  V '  and V r  : 
X Y 
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where 

W e  d i f f e r e n t i a t e  equat ions  ( 7 )  and (8) wi th  r e s p e c t  t o  x and y and 

c a l c u l a t e  t h e  c o r r e l a t i o n a l  moments of t h e  q u a n t i t i e s  V ' *  and V'*  [complex 

conjugates  t o  t h e  f u n c t i o n s  s t a t e d  i n  equat ions  ( 7 )  and (8) ]  and the  der iva-  

t i v e s  of V'  and V '  wi th  r e s p e c t  t o  x and y : 

X Y 

1: Y 

When w e  use  t h e  real p a r t s  of t h e  c o r r e l a t i o n  f u n c t i o n s ,  w e  o b t a i n  the  

fo l lowing  equat ions  f o r  t h e  t u r b u l e n t  terms: 

where 
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D@(v) deno tes  t h e  d i s p e r s i o n  of t h e  components (9") wi th  t h e  s u b s c r i p t  V, 

and KQF is  t h e  c o r r e l a t i o n a l  moment of t h e  q u a n t i t i e s  (9 and F .  

L e t  u s  assume t h a t - t h e  d i s p e r s i o n  of t h e  elementary components i s  

independent of t h e  number v and numer ica l ly  equa l  t o  t h e  d i s p e r s i o n s  of 

t h e  corresponding s t o c h a s t i c  func t ions .  

o b t a i n  f o r  t h e  i s o t r o p i c  turbulence  of t h e  wind and t h e  f low:  

Af t e r  summing t h e  series, w e  
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It follows from equa t ions  (12) that  t h e  t u r b u l e n t  c o e f f i c i e n t s  kxx 

and k and t h e  f u n c t i o n s  p ,  and p 2  depend upon t h e  energy of t h e  t u r b u l e n t  

flow Eu arid t h e  energy ET of t h e  e x t e r n a l  f o r c e s ,  as w e l l  as on t h e  d i spe r -  

s i o n  of t h e  parameter e .  
p r e s s u r e s ,  whereas t h e  components ap,/ax and ap2/ay p lay  t h e  r o l e  of f o r c e s  

r e s u l t i n g  from p r e s s u r e  inhomogeneities i n  space.  

YY 

The f u n c t i o n s  p ,  and p ,  can be cons idered  

We wish t o  mention t h a t  D .  L .  Laikhtman [3]  in t roduced  t h e  fo l lowing  

expres s ions  f o r  t h e  t u r b u l e n t  terms of i c e - f l o e  motion i n  analogy w i t h  t h e  

d e s c r i p t i o n  of v i s c o u s  l i q u i d s  ( i n  our  n o t a t i o n s )  : 

It fo l lows  from a comparison of equa t ions  (13) and our  a n a l y t i c a l  expres- 

s i o n s  (9 )  and (10) t h a t  equa t ions  (13) are on ly  a f i r s t  approximation of 

t h e  expres s ions  f o r  t h e  t u r b u l e n t  terms. 

- - _ _ T _ -  
Thus, t h e  t e r m s  

I av; I dV.r I dV,! I av; 
v.r-d7$ + vy dy v x  z+ V Y . 7  

i n  t h e  expres s ions  f o r  t h e  average  d r i f t  v e l o c i t y  of t h e  i c e  f l o e s  r e s u l t  

from t h e  n o n l i n e a r i t y  of t h e  equa t ions  of motion (1) f o r  t h e  f l o e s .  This  

c o n s t i t u t e s  an  analog t o  t h e  hydrodynamic equa t ions  [ 4 ] .  However, con t r a ry  

t o  a l i q u i d ,  one can o b t a i n  a n a l y t i c a l  expres s ions  f o r  t h e  t u r b u l e n t  terms 

i n  the  case  of an ice  cove r ,  provided t h a t  c e r t a i n  r e s t r i c t i o n s  are 

accepted  [ s e e  equa t ions  (9)  and ( l o ) ] .  
The average  motion of i c e  f l o e s  i s  r e l a t e d  t o  t h e  tu rbu lence  by t h e  

and k t h e  f u n c t i o n s  p ,  , p , ,  F, , and kYY XY ' t u rbu lence  c o e f f i c i e n t s  kxx, 
F,, which depend upon both  t h e  type  and t h e  e x t e n t  of t h e  tu rbu lence  of t h e  

e x t e r n a l  media (water and a i r ) ,  and t h e  d i s p e r s i o n  of t h e  parameters e and 

f3 f o r  t h e  i c e  cover .  

A t  t h e  p r e s e n t  t i m e ,  i t  i s  n o t  p o s s i b l e  t o  check equa t ions  (9)  and 

( l o ) ,  because d i r e c t  measurements of t h e  t u r b u l e n t  terms have no t  been 

performed. The d i s p e r s i o n  of t h e  d r i f t  v e l o c i t y  of t h e  ice f l o e s  

can be t r e a t e d  a n a l y t i c a l l y  o r  can be  eva lua ted  from i c e - d r i f t  obse rva t ions .  

-- 
, I  vi,  vy cry 
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The agreement between t h e  r e s u l t s  can b e  considered a n  i n d i r e c t  confirma- 

t i o n  of t h e  v a l i d i t y  of  equa t ions  (9) and (10). 

We u s e  equat ions  (7) and (8) f o r  t h e  f l u c t u a t i o n s  of t he  i c e - d r i f t  

v e l o c i t y  t o  o b t a i n  formulas  f o r  t h e  d i s p e r s i o n s :  

L e t  u s  cons ider  t h e  r e s u l t s  of obse rva t ions  on d i spe r sed  ice  f l o e s ;  

t h e s e  obse rva t ions  were made i n  1964 by Zh. A. Pavlikov and t h e  au tho r  [5]. -- 
w e r e  c a l c u l a t e d  as fol lows.  For a square  VI2 v'2 

The a c t u a l  v a l u e s  x' .v 
. .-_L- 

of 400 m x 400 m s i t u a t e d  a t  a d i s t a n c e  of 300 m sou theas t  of t h e  s h i p ' s  

p o s i t i o n ,  t h e  d r i f t  v e l o c i t i e s  of ice f l o e s  whose t r a j e c t o r i e s  r a n  

through t h e  p a r t i c u l a r  square  were sampled f o r  fou r  hours .  

va lues ,  t h e  d e v i a t i o n s ,  and t h e  d i s p e r s i o n s  were c a l c u l a t e d  from a series 

of v e l o c i t y  components. 

The average 

The r e s u l t s  are: 

712 = 1.15.10*cm2/sec2 
xact 

VI2 = 0.65*102cm2/sec2 
Yact 

A s  i n  t h e  d e r i v a t i o n  of equa t ions  (12), w e  assume t h a t  

where 

W e  i gnore  t h e  changes of t h e  parameter e 

W e  o b t a i n  f o r  t h e  averaging per iod  

s i o n s  of t h e  square  bx = Ay = 400 m y  and 

IWj = d W 2  + W2 and Wx and W 
X Y  Y 

t h e  i c e  f l o e s  7 = 0.24 m/sec : ea 

are t h e  components of t h e  wind v e l o c i t y .  

(Dc(v' = 0). 

A t  = 4 hours ,  t h e  l i n e a r  dimen- 

t h e  average d r i f t  v e l o c i t y  of 
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Ins t ead  of equa t ions  (14 ) ,  w e  o b t a i n  t h e  s i m p l i f i e d  formulas  
- - 
V; = 3,85 . 1 0 ~ ~ ; + ~ 1 ~ ~ :  a? x ( I W ~  W J ~ ,  

C 

where 
r 

k,  anc 

and t h e  i c e  and a i r ,  r e s p e c t i v e l y ;  p,, pa, and pi denote  the  d e n s i t i e s  

of water,, a i r ,  and ice ,  r e s p e c t i v e l y ;  and hi denotes  the  th i ckness  of 

t h e  i c e .  

k,, denote  t h e  c o e f f i c i e n t s  of f r i c t i o n  "etween t,.e i c e  and water  

I n  our  c a s e ,  t h e  i c e  w a s  assumed t o  have an average th i ckness  of 

0.8 m. According t o  [l], t h e  c o e f f i c i e n t  of f r i c t i o n  between i c e  and 

water w a s  assumed t o  be 4.5010 . The c o e f f i c i e n t  of f r i c t i o n  between 

i c e  and a i r  i s  7.8.10-3 according t o  our  measurements performed on the  

Ladoga Lake ( a t  an  a l t i t u d e  of 6 m f o r  t h e  wind measurements). 

3 

-- -- 
The d i s p e r s i o n s  u i 2 ,  u f 2  and T i 2 ,  T f 2  were c a l c u l a t e d  from s h i p  

Y Y 
observat i .ons of t h e  f low a t  a depth  of 2 m and of t h e  wind and an  a l t i t u d e  

of 6 m. The f i n a l  r e s u l t  ob ta ined  wi th  equat ion  (14 ' )  i s :  

- 
V' = 1 . 1 4  102cm2/sec2 

V I 2  = 0 .  74*102cm2/sec2 

x c a l c  

Ycalc 

- 

Obviously,  t h e r e  e x i s t s  a r a t h e r  s t rong  agreement between the  

c a l c u l a t e d  and t h e  a c t u a l  d i s p e r s i o n s  of t h e  v e l o c i t y  components of t h e  

i c e - f l o e  d r i f t .  
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THEORY OF THE DRIFT OF I C E  FIELDS I N  A 
HORIZONTALLY INHOMOGENEOUS WIND FIELD 

K.L.  Yegorov 

We cons ider  t h e  d r i f t  of i c e  f i e l d s  whose h o r i z o n t a l  dimensions are 

We u s e  D.L. Laikhtman's hypothes is  much g r e a t e r  than  t h e  i c e  th i ckness .  

[ 6 ]  i n  order  t o  d e s c r i b e  t h e  i n t e r a c t i o n  of t h e  ice  f l o e s  and i n t r o d u c e  

t h e  equat ions  of i c e - f l o e  motion. I n  t h e  case of a g r a d i e n t  f low which 

is  independent of t i m e  and t h e  h o r i z o n t a l  coord ina te s ,  t h e  equat ions  

assume t h e  form [ 6 ,  4 3 :  

,v 

The n o t a t i o n s  are i n t e r p r e t e d  as fo l lows:  

u: and v* denote  t h e  components of t h e  v e l o c i t y  vec to r  of t h e  e n t i r e  i c e  

d r i f t ;  0 and v are  t h e  v e c t o r  components of t h e  f l o w  v e l o c i t y ;  m denotes  

t h e  i ce  m a s s  p e r  u n i t  s u r f a c e ;  h is  t h e  C o r i o l i s  parameter; k,, = mko 
denotes  t h e  c o e f f i c i e n t  of t h e  i c e - f l o e  i n t e r a c t i o n ;  and T and T denote  

t h e  t a n g e n t i a l  stresses a t  t h e  ice/air  boundary and t h e  i ce /wa te r  boundary, 

r e s p e c t i v e l y .  

u o  = ui - U; V , ,  = V *  - v; 0 

0 

- 
-h + 
a w 

Nonsta t ionary  ice  d r i f t  wi thout  i n t e r a c t i o n  of ice  f l o e s  has  been 

p rev ious ly  considered i n  [lo, 51 and, according t o  t h e  r e s u l t s  of t hose  

c a l c u l a t i o n s ,  t h e  t i m e  r equ i r ed  f o r  t h e  motion t o  become s t a t iona . ry  

amounts t o  about  2 hours .  

f o r  c a l c u l a t i n g  a pu re ly  wind-induced d r i f t .  

r e s u l t  

n o t  a p r i o r i  j u s t i f y  t h e  u s e  of a quas i - s t a t iona ry  model. 

cons ider  t h e  e f f e c t  of t h e  i c e - f l o e  i n t e r a c t i o n  upon t h e  t i m e  r equ i r ed  

Thus, a quas i - s t a t iona ry  model can  be  adopted 

Add i t iona l  terms , which 

i n  equat ions  (1) and (2)  from i n t e r a c t i o n s  between ice  f l o e s ,  do 

One must 

"K T e o r i i  Dre i f a  Ledyanykh P o l e i  v Gor izon ta l ' no  Neodnorodnom P o l e  Vetra," 
ESrobZemy A r k t i k i  i A n t a r k t i k i ,  N o .  3 4 ,  pp. 71-77, 1970. T rans l a t ed  
(November, 197s )  f o r  A I D J E X  by Joachim B k h n e r .  
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f o r  t h e  motion t o  become s t a t i o n a r y .  A l i n e a r  d r i f t  t heo ry  s u f f i c e s  f o r  

q u a n t i t a t i v e  estiiiates of the effect. According t o  t h e  l inear  d r i f t  t heo ry ,  

t h e  components of  t h e  t a n g e n t i a l  stresses on t h e  i c e  s u r f a c e  have t h e  form 

[6,31: 

where k and E denote  t h e  tu rbu lence  c o e f f i c i e n t s  f o r  t h e  atmosphere and t h e  

ocean, r e s p e c t i v e l y ;  p and 6 are t h e  d e n s i t y  of a i r  and water, r e s p e c t i v e l y ;  

a =  l/$: = v $  ; and U and V denote  t h e  components of t h e  v e l o c i t y  

v e c t o r  of t h e  geos t roph ic  wind i n  t h e  atmosphere. 

- - 

Taking i n t o  account equa t ions  ( 3 ) ,  w e  o b t a i n  from equa t ions  (1) and 

(2)  one r e l a t i o n  f o r  t h e  complex q u a n t i t y  W, = u ,  + iU,: 

where --- _-I 1 A = - [ [ k p a + k p a + i ( n r ' h + k p a + k p n ) ] ;  m 

B = -  l f i  k p a ;  G = U + i V .  
m 

Equation ( 4 )  w i l l  be so lved  under t h e  fo l lowing  c o n d i t i o n s :  

We apply  t h e  Laplace transform t o  equa t ion  ( 4 )  and use condition (5). 

Thus, w e  o b t a i n  

which has  t h e  s o l u t i o n  [91 
. .  

n = O  

6 2  6 2  
62  &y where A = 7 + 7 
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When G = G fx,y) i s  independent of t i m e ,  w e  have 

and consequent ly ,  

n = O  

When we  switch from t h e  image of t h e  f u n c t i o n  t o  i t s  o r i g i n a l ,  w e  

o b t a i n  t h e  fo l lowing  express ion:  

I n  o r d e r  t o  s i m p l i f y  t h e  c a l c u l a t i o n s ,  w e  assume V = 0 and AG = All 

= cons t .  We s e p a r a t e  i n t o  real  and imaginary p a r t s :  

where Go and 5 
pure ly  wind-induced s t a t i o n a r y  d r i f t  [ 6 ]  ; and zi and zi are  t h e  components 

of t h e  v e l o c i t y  v e c t o r  of a s t a t i o n a r y  d r i f t  caused by inhomogenei t ies  i n  

t h e  wind f i e l d ;  

denote  t h e  components of t h e  v e l o c i t y  v e c t o r  of a 
B OB 

P, = --&- a (ReA + ftn.4); Qt = &Pa (ReA - 1nrA); 

P2 = PI:.  ReA + Q, - fmA; Q. = Q ,  - Re.4 - P ,  e IntA;  

C, = P, cos (J + Q2 sin I; C, = QL! cos 9 - P, - sin 9. 
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It fo l lows  from e q u a t i o n s  (11) and (12) t h a t  t h e  t i m e  requi red  f o r  t h e  

motion t o  become s t a t i o n a r y  i s  determined by t h e  maximum of t h e  f o u r  

q u a n t i t i e s  al, a2, B , ,  and B 
of each of t h e  d r i f t  components u 

A c a l c u l a t i o n  which w a s  performed w i t h  t h e  fol lowing numerical  

i . e . ,  by t h e  maximum of t h e  s t a t i o n a r y  t i m e s  
2' 

, v , ui, and 7,':. 
OB OB 

parameter v a l u e s  

U = 10 m/sec; k = 15  m2/sec; = 2 - 1 0 - 2  m2/sec; A = 1 . 4 - 2 0 - 4  ( I /sec);  
m = 2 - 1 8  kg/m2 

revea led  t h a t  two hours  a f t e r  t h e  s t a r t  of a d r i f t  motion, t h e  p u r e l y  wind- 

induced d r i f t  had reached 98% of i t s  s t a t i o n a r y  v a l u e ,  whereas t h e  addi- 

t i o n a l  d r i f t  had reached 85% of i t s  s t a t i o n a r y  v a l u e ,  and amounted t o  95% 

of t h e  la t ter  a f t e r  t h r e e  hours .  These estimates l e a d  t o  t h e  conclus ion  

t h a t  though a s t a t i o n a r y  d r i f t  motion i s  e s t a b l i s h e d  less r a p i d l y  due t o  

t h e  e f f e c t  of t h e  surrounding ice  f i e l d s ,  t h e  a c t u a l  c a l c u l a t i o n s  of t h e  

ice  d r i f t  can be  made w i t h  t h e  s t a t i o n a r y  approximation. 

Keeping t h e s e  r e s u l t s  i n  mind, w e  cons ider  a g a i n  t h e  s t a t i o n a r y  

e q u a t i o n s  f o r  t h e  i ce  d r i f t  w i t h i n  t h e  framework of a n o n l i n e a r  theory  of 

t h e  turbulence  of boundary l a y e r s  a t  h o r i z o n t a l  ice  s u r f a c e s  [ 7 ] .  

I n  a f i x e d  c o o r d i n a t e  system, t h e  t a n g e n t i a l  stress components a t  

t h e  boundary icefwater can b e  w r i t t e n  i n  t h e  form: 

where y denotes  t h e  d e v i a t i o n  of t h e  t a n g e n t i a l  stress from t h e  x a x i s ,  $ 

denotes  t h e  d e v i a t i o n  of t h e  d r i f t  from t h e  x axis; B denotes  t h e  d e v i a t i o n  

of t h e  d r i f t  from t h e  t a n g e n t i a l  stress a t  t h e  icelwater boundary; f o r  a 

p a r t i c u l a r  s t r a t i f i c a t i o n  i n  t h e  boundary l a y e r ,  t h e  d e v i a t i o n  can b e  

assumed t o  b e  independent of t h e  d r i f t  v e l o c i t y  so t h a t  cos@ = c1 and 

s i n @  = cp ( f o r  t h e  s t r a t i f i c a t i o n  parameter 1~. = 0 -+ 6 4 263 ' ) ;  V o  denotes  

t h e  a b s o l u t e  v a l u e  of t h e  d r i f t  v e l o c i t y ;  and v f  is  t h e  drag  v e l o c i t y .  

The d r a g  v e l o c i t y  can be  expressed by t h e  d r i f t  v e l o c i t y  and t h e  

u n i v e r s a l  f u c t i o n s  qi and 00'  from [l] when one u s e s  t h e  e q u a t i o n s  of motion 

i n  t h e  boundary l a y e r  under t h e  ice  (equat ions  of motion w r i t t e n  f o r  t h e  

roughness level z = z o > .  According t o  t h e  r e s u l t s  of [ 7 ]  and [ 4 ] ,  t h e  
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equa t ions  of motion assume t h e  fo l lowing  form i n  any coord ina te  system: 

I v, = -zI* (3; cos y - 5; - sin y), n 

so t h a t  

-z vi - x? 
v =  I ’ , .  

By i n s e r t i n g  t h e  equa t ion  (15) i n t o  equat ion  (13) we  o b t a i n  

* 00 4- 

It fo l lows  from obse rva t ions ,wh ich  were made on d r i f t i n g  s t a t i o n s  

t h a t  t h e  d r i f t  v e l o c i t y  a t  d i s t a n c e s  f a r  from t h e  sho re  i s  p r i m a r i l y  

determined by t h e  wind, and t h e  e f f e c t  of t h e  surrounding i c e  f i e l d s  can 

be cons idered  a small a d d i t i o n  t o  t h e  wind-induced d r i f t  v e l o c i t y .  

Therefore ,  w e  assume 

The q u a n t i t y  q i 2  + (Si2 changes s l i g h t l y  when t h e  d r i f t  v e l o c i t y  

changes (changes of t h e  d r i f t  v e l o c i t y  by a f a c t o r  of 2 i nvo lve  changes 

of 

on ly  a f u n c t i o n  of t h e  wind-induced d r i f t .  

(17) i n t o  equa t ion  (16) and assume t h a t  u i  and V ;  are small, we o b t a i n  

+ ui2 by 20%).  One can t h e r e f o r e  assume t h a t  t h i s  q u a n t i t y  i s  

Thus, when w e  i n s e r t  equa t ion  

. 
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where 

'm6C = ('1 U o E  + '2 voB) ;  

'may = ('1 vo9 '? ' o d  
Furthermore,  when w e  assume that t h e  t a n g e n t i a l  stress a t  t h e  ice/air  

boundary i s  determined on ly  by t h e  wind v e l o c i t y ,  and when we s u b t r a c t  t h e  

equa t ions  of t h e  pu re ly  wind-induced d r i f t  from equa t ions  (1) and (2) f o r  

t h e  s t a t i o n a r y  d r i f t ,  w e  o b t a i n  wi th  equa t ions  (17) and (18) r e l a t i o n s  f o r  

t h e  d r i f t  components u6 and u:: 

where 
A,  = A ~  (2 + c2 + c1 - sin 'p . cos p + c2 - sin2 p) ; 

= A0 (ci + c, cosa p + c2 sin p - cos rp); 
A, = Ao(ci - c2 - sin 'p cos p + ci sin2 p); 

. A, = A ~  (2 + c2 + c, . cos2rp - c ,  . sin p cos rp).  

It i s  easy  t o  d e r i v e  t h e  fo l lowing  equat ion  system from equa t ions  

(19) and (20) : 

A, v; + R, (A, . A u;, + A? A v;) = - ko (A* - A uOB + A? + A yon), (21) ' 

A , *  ~ ; , - t k o ( A , . h ~ ~ - - A l  . A u ; , ) = - - o ( A , . A U o B - - i A u o n ) ,  (22) 

where A ,  = A 1 * A ,  + A 2 - % .  
c 

We swi tch  t o  dimensionless  v a r i a b l e s  i n  equa t ions  (21) and (22) by 

in t roduc ing  c h a r a c t e r i s t i c  v e l o c i t y  scales so t h a t  

where Ifo and V i  denote  t h e  a b s o l u t e  va lues  of t h e  pu re ly  wind-induced 
D u 

d r i f t  and t h e  a d d i t i o n a l  d r i f t  a t  t h e  p o i n t  under c o n s i d e r a t i o n ,  r e spec t -  

i v e l y .  

We use  t h e  c h a r a c t e r i s t i c  s i z e  of a b a r i c  format ion ,  i .e . ,  t h e  r a d i u s  

of an i s o b a r  cu rva tu re ,  as t h e  scale R f o r  t h e  l eng th .  

t h i s  r a d i u s  amounts t o  abQut 500 km. I n  dimensionless  n o t a t i o n ,  equa t ions  

According t o  [ 2 ] ,  
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(21) and (22) assume t h e  form 

where 

and A, denotes  t h e  4, v a l u e  a t  t h e  p o i n t  of i n t e r e s t .  

When. w e  u s e  Campbell 's estimate 1111 ( k o  Q 10l2 g/sec)  f o r  k , ,  w e  

o b t a i n  E < 0.3 even f o r  R = 300 km. When t h e  d r i f t  f a r  from t h e  shore  is  

cons idered ,  t h i s  estimate j u s t i f i e s  a s o l u t i o n  t o  e q u a t i o n s  (24) and (25) 

i n  t h e  form of  a power series of  t h e  small parameter E. The two e q u a t i o n s  

are used i n  success ion .  

o b t a i n  

When w e  n e g l e c t  terms of t h e  o r d e r  of  E ~ ,  w e  

v'* = - p ( b ,  . 4 uiB f b? * A TI&) + ~p * 64 [ I ( b 3  * A u;a) - A ('!'I ' v:B)I -I 
0 

+ E .  p 62 [ A ( b ,  * A $ J +  A ( &  . Av;,)] -I- O(s2); 

u: = - p ( b 3  . A r& - 6, - A viB) f E - p a b3 [ A ( h  * A u:B) - 
- A (6, . A vi,)] - h, [ A ( & *  * 3 U;),) A (h ,  * A v(TB)l f 0 

o r ,  i n  dimensionless  form, 

where 
1 

1 

M T ( A 4  - A f A? A ~ 0 ~ ) ;  
5 

N=- AS A 'OB - A i  A Vi)S)* 

Equat ions (26) and (27) were used t o  c a l c u l a t e  the a d d i t i o n a l  d r i f t  

of t h e  s t a t i o n  "Severnyi Polyus-4" (North Pole  4) d u r i n g  t h e  f o u r  months 

of J u l y ,  September, October ,  and November 1954 ( f r e e  d r i f t  of t h e  ice  f l o e  

w a s  observed dur ing  August). 

t h e  surrounding ice f i e l d s  w a s  determined from t h e  g e o s t r o p h i c  wind. 

geos t rophic  wind w a s  eva lua ted  by c a l c u l a t i o n s  based on d a i l y  24-hour 

p r e s s u r e  maps. The s t e p  l e n g t h  i n  t h e  c a l c u l a t i o n s  of a l l  d e r i v a t i v e s  w a s  

assumed equal  t o  250 km. Only t h e  f i r s t  terms of t h e  r i g h t  s i d e  of e q u a t i o n s  

The v e l o c i t y  of t h e  wind-induced d r i f t  of 

The 
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(26) and (27) were used i n  t h e  c a l c u l a t i o n s  so t h a t  
* 

where 6t i s  equa l  t o  24 hours  and n denotes  t h e  number of days.  

The wind-induced d r i f t  w a s  determined from t h e  r e s u l t s  of D.L. Laikht-  

man's work [7]. The g r a d i e n t  flow w a s  assumed equa l  t o  t h e  f low v e l o c i t y  

which w e  had determined dur ing  August [ 4 ] .  

p l o t t e d  i n  F igure  1. 

obse rva t ions  on t h e  d r i f t  of t h e  s t a t i o n  "Severnyi Polyus-4" (North Pole  4) 

w a s  ob ta ined  f o r  t h e  above-mentioned t i m e  i n t e r v a l s  when t h e  fo l lowing  

v a l u e s  w e r e  employed f o r  t h e  c o e f f i e c i e n t  k , :  

All t h r e e  d r i f t  components are 

Optimum agreement between t h e  c a l c u l a t i o n s  and t h e  

J u l y  5-August 4 September 5-30 October 1-31 November 1-30 

k ,  (g /sec)  3 . 8 -  lo1' 4.20 10l2 8.5- lo1' 10.8- lo1' 

The i n c r e a s e  w h i c h - i s  observed i n  t h e  c o e f f i c i e n t  k ,  from J u l y  t o  

December may be  caused by t h e  inc reased  compactness and th i ckness  of t h e  

ice f i e l d s  i n  t h e  win te r  months, because t h e  r e l a t i o n  k ,  = k,.m ho lds  and 

t h i s  means, g e n e r a l l y  speaking,  t h a t  t h e  c o e f f i c i e n t  depends upon both  t h e  

compactness and t h e  th i ckness  of t h e  i c e  cover .  

- 

Figure  1. 

Coordinates  and components 
of t h e  d r i f t  of t h e  s t a t i o n  
'I S everny i Po lyus-4 " (No r t h  
Pole  4) i n  1954. 

S denotes  t h e  v e c t o r  of t8e wind-induced d r i f t  ; 
S denotes  t h e  d r i f t  w i th  
txe cons tan t  c u r r e n t ;  and 
S' denotes  t h e  v e c t o r  of 
t h e  d r i f t  r e s u l t i n g  from t h e  
e f f e c t  of t h e  surrounding 
ice f i e l d s .  
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ABSTRACTS OF INTEREST 

Joumal o f  Geophysical Research, Vol. 76, No. 3 ,  January 20, 1971. 
Thermal Cracks in Floating Ice Sheets 

R. J. Evans and N. Untersteiner 

When the air temperature drops below the water temperature under 
a floating ice sheet, thermal cracks often occur. To acquire quanti- 
tative information on these cracks from an analytic point of view, 
the ice has been represented as a homogeneous elastic floating 
plate. The effect of thermal contraction then becomes equivalent 
to a lateral surface load. After the problem has been formulated 
in general terms, three special conditions which lend themselves 
to analytic treatment are considered: the wide ice sheet under 
conditions of plane strain, the narrow ice sheet under plane stress 
conditions and the axispmetric ice sheet. The first two lead to 
simple solutions that illustrate general effects, the third is of 
more practical significance. Typical stress distributions prior to 
cracking are shown and for particular numerical values, some of which 
are applicable to arctic sea ice; typical crack spacing is related 
to the temperature difference between the upper and lower surface. 
Finally, the assumptions on which the analysis rests are examined 
critically with regard to establishing the validity of the results 
and to indicate ways in which improvements in the analytic treatment 
can be made. 

JournaZ of Geophysical Research, Vol. 7 6 ,  No. 6, February 20, 1971. 
Some Results from a Time-dependent Thermodynamic Model 

of Sea Ice 
Gary A.  Maykut and Norbert Untersteiner 

A one-dimensional thermodynamic model of sea ice is presented that 
includes the effects of snow cover, ice salinity, and internal heating 
due to penetration of solar radiation. Surface-energy balances deter- 
mine rates of ablation and accretion; diffusion equations govern heat 
transport within the ice and snow. The incoming radiative and turbu- 
lent fluxes, oceanic heat flux, ice salinity, snow accumulation., and 
surface albedo are specified as functions of time. Starting from an 
arbitrary initial condition, the model is integrated numerically until 
annual equilibrium patterns of temperature and thickness are achieved. 
The model is applied to the central Arctic. Input values for the 
initial test of the model are based on observational data. Values 



p r e d i c t e d  by t h e  model f o r  t h e  average ice  th i ckness  (288 cm), amount of 
s u r f a c e  a b l a t i o n  (40 c m ) ,  and t h e  temperature  f i e l d  a l l  ag ree  c l o s e l y  wi th  
f i e l d  obse rva t ions .  Other r e s u l t s  from t h e  model i n d i c a t e  t h a t ,  under 
p r e s e n t  cond i t ions ,  t h e  ocean must supply 1 t o  2 kcal/cm2 yea r  t o  t h e  i c e ;  
an a d d i t i o n a l  4 kcal/cm2 yea r  would cause  t h e  ice t o  vanish.  Annual snow 
depths  g r e a t e r  than  70 cm would r e s u l t  i n  much t h i c k e r  ice. 
of observed and c a l c u l a t e d  temperature  p r o f i l e s  suggest  t h a t  about  2.0 t o  
2.5 kcal/cm2 year  of  t h e  incoming short-wave r a d i a t i o n  p e n e t r a t e s  t h e  ice  
and c o n t r i b u t e s  t o  i n t e r n a l  hea t ing .  
cause t h e  i c e  t o  van i sh  i n  a few yea r s .  

Comparison 

Average ice a lbedos  under 0.50 would 
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PROGRESS REPORT FROM THE 1971 PILOT STUDY 

A s  t h e  AIDJEX B u l l e t i n  went t o  p r e s s ,  t h e  1971  p i l o t  s tudy  w a s  near ing  

completion a t  Camp 200 wi th  almost a l l  i t s  s c i e n t i f i c  o b j e c t i v e s  accomplished. 

More complete r e p o r t s  on t h e  p i l o t  s t u d i e s  w i l l  appear i n  f u t u r e  B u l l e t i n s .  

A f t e r  minor d e l a y s  caused by adverse  weather c o n d i t i o n s  and a i r c r a f t  

u n a v a i l a b i l i t y ,  Camp 200 w a s  e s t a b l i s h e d  a t  73"45'N, 13Oo15'W, on an o l d  f l o e  

16-20 f e e t  t h i c k  and 10 m i l e s  a c r o s s .  An a i r s t r i p  w a s  l a i d  o u t  on new ice 

about s i x  f e e t  t h i c k  a d j a c e n t  t o  t h e  camp s i te .  On March 1 and 3 ,  t h r e e  

C-130 f l i g h t s  c a r r i e d  16  p r e f a b r i c a t e d  b u i l d i n g s  and a five-man c o n s t r u c t i o n  

team t o  Tuktoyaktuk from P o i n t  Barrow. B r i s t o l  a i r c r a f t  then  began f e r r y i n g  

b u i l d i n g s  and equipment t o  Camp 200. The Weeks-Campbell p a r t y  f l e w  t o  t h e  

camp on March 5 t o  p r e p a r e  f o r  ground t r u t h  s t u d i e s  i n  connect ion wi th  t h e  

NASA 990 f l i g h t s .  

High winds and low v i s i b i l i t y  a t  Camp 200 prevented supply f l i g h t s  on 

March 7 and 8 ,  and on t h e  8 t h  t h e  B r i s t o l  a i r c r a f t  w a s  grounded f o r  an engine 

change. I ts  replacement and a Twin Otter a i r c r a f t  r e s u m e d t r a n s p o r t a t i o n  of 

s u p p l i e s  and personnel .  

f i v e  of t h e  Oceanography group had a r r i v e d  a t  Camp 200. 

By March 8 a l l  personnel  except  the Brown p a r t y  and 

The f i r s t  f l i g h t  of t h e  NASA 990 r e s e a r c h  a i r c r a f t  w a s  s u c c e s s f u l l y  

completed March 9 ,  a l though o n l y  one t e l l u r o m e t e r  s i t e  had been e s t a b l i s h e d  

by t h a t  t i m e  because of  bad weather on t h e  prev ious  t h r e e  days.  

s t r a i n  network w a s  occupied f o r  NASA f l i g h t s  on March 11, 1 2 ,  and 15. A 
whiteout  on t h e  1 6 t h  prevented h e l i c o p t e r  f l y i n g ,  and extreme ice  f r a c t u r i n g  

kept  t h e  personnel  from reaching t h e  t e l l u r o m e t e r  s t a t i o n s  f o r  t h e  f i n a l  NASA 

f l i g h t .  D e s p i t e  t h e s e  d i f f i c u l t i e s ,  t h e  ground t r u t h  program exceeded 

e x p e c t a t i o n s .  

The f u l l  

While t h e  NASA f l i g h t s  w e r e  under way, Coachman's group e s t a b l i s h e d  t h e  

remote hydroholes.  

Guard C-130 f lew a SLAR and photographic  miss ion  on March 15 ,  and on March 21 

and 2 3  t h e  NAVOGEANO "Birdseye" a i r c ra f t  f lew remote sens ing  missions over  

t h e  AIDJEX area. 

of one t e l l u r o m e t e r  s i te .  

Smith 's  under-ice d i v i n g  program began March 14. The Coast 

The i c e  deformation mentioned ear l ie r  f o r c e d  t h e  r e l o c a t i o n  

49 



The Weeks-Campbell party was evacuated after the aircraft remote 

sensing program had been completed. By April 1, the Coachman, Hunkins, 
and Smith parties had accomplished their objectives and were reducing 

operations in preparation for leaving. 

tional on March 28, the second tower the next day. Plans call for the 

evacuation of all personnel by April 10. 

Brown's first tower became opera- 

The Camp 200 position as of April 1 was 73'50'N, 131"02'W. 
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