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Abstract To better describe the state of sea ice in the marginal ice zone (MIZ) with ﬂoes of varying thicknesses and sizes, both an ice thickness distribution (ITD) and a ﬂoe size distribution (FSD) are needed. In this
work, we have developed a FSD theory that is coupled to the ITD theory of Thorndike et al. (1975) in order
to explicitly simulate the evolution of FSD and ITD jointly. The FSD theory includes a FSD function and a FSD
conservation equation in parallel with the ITD equation. The FSD equation takes into account changes in
FSD due to ice advection, thermodynamic growth, and lateral melting. It also includes changes in FSD
because of mechanical redistribution of ﬂoe size due to ice ridging and, particularly, ice fragmentation
induced by stochastic ocean surface waves. The ﬂoe size redistribution due to ice fragmentation is based on
the assumption that wave-induced breakup is a random process such that when an ice ﬂoe is broken, ﬂoes
of any smaller sizes have an equal opportunity to form, without being either favored or excluded. To focus
only on the properties of mechanical ﬂoe size redistribution, the FSD theory is implemented in a simpliﬁed
ITD and FSD sea ice model for idealized numerical experiments. Model results show that the simulated
cumulative ﬂoe number distribution (CFND) follows a power law as observed by satellites and airborne surveys. The simulated values of the exponent of the power law, with varying levels of ice breakups, are also in
the range of the observations. It is found that ﬂoe size redistribution and the resulting FSD and mean ﬂoe
size do not depend on how ﬂoe size categories are partitioned over a given ﬂoe size range. The ability to
explicitly simulate multicategory FSD and ITD together may help to incorporate additional model physics,
such as FSD-dependent ice mechanics, surface exchange of heat, mass, and momentum, and wave-ice
interactions.

1. Introduction
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Signiﬁcant decline of Arctic sea ice has been observed in recent years [e.g., Meier et al., 2014]. The decline
was particularly steep during summers 2007–2013, when the Arctic sea ice extent decreased to the lowest levels observed in the satellite era [e.g., Comiso, 2012]. Severe summer melt back leads to increasing
areas of warming open water and marginal ice zone (MIZ) [e.g., Steele et al., 2010; Strong and Rigor,
2013]. The MIZ is generally deﬁned as a transition region from open water to pack ice with low concentration, low thickness, and diffuse sea ice ﬂoes of varying shapes and sizes [Rothrock and Thorndike, 1984;
Wadhams, 1986]. This is in contrast to the thicker, more compact sea ice ﬁeld in the central Arctic that
appears more as a continuum with pressure ridges and leads/cracks interspersed [e.g., Wadhams, 1981;
Hibler, 2001]. The state of sea ice in a given area, whether in MIZ or the central Arctic, may be described
by an ice thickness distribution (ITD) that gives the fractions of open water/leads and various ice thicknesses in that area [Thorndike et al., 1975; Hibler, 1980]. The Thorndike et al. [1975] ITD theory has been
increasingly incorporated in operational forecast and climate models. However, the ITD does not give a
complete picture of the MIZ that consists of ice ﬂoes with diameters ranging from meters to kilometers.
Such a character may be represented by a ﬂoe size distribution (FSD) [Rothrock and Thorndike, 1984; Holt
and Martin, 2001; Herman, 2010]. Thus both FSD and ITD are needed to better capture the state of sea
ice in the MIZ.
The evolution of FSD in the MIZ is
esses differ signiﬁcantly from those
modiﬁcations in surface exchanges
behavior, and variations in oceanic

controlled by dynamic and thermodynamic processes. These procin the ice pack interior, including changes in ice-albedo feedbacks,
of heat, mass, and momentum, alterations in sea ice mechanical
heat ﬂux. While winds and currents may cause ice to deform and
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crack, ice in the MIZ is particularly vulnerable to ocean surface waves and swell that form in the open
water, resulting from strong winds and often storms, and propagate into the ice ﬁeld [Squire et al., 1995;
Squire, 2007; Kohout et al., 2014]. While the ice tends to attenuate the incoming waves because of
wave-ice interactions [Wadhams et al., 1988; Meylan et al., 2014], the waves tend to bend ice repeatedly,
and the ice breaks if the bending-induced stresses exceed its ﬂexural strength or if the repeated bending leads to fatigue failure [e.g., Langhorne et al., 1998]. Once an ice ﬂoe is broken, it becomes ﬂoes of
smaller sizes, a process of ﬂoe size redistribution via mechanical forcing. Thus wave conditions (wave
energy, frequency, direction, etc.) and wave-ice interactions play a prominent role in determining the
magnitude of ice breakups and mechanical ﬂoe size redistribution and therefore FSD in the MIZ.
The FSD is often described as the area or the number of ﬂoes over a range of ﬂoe sizes. A measure of the
size of a ﬂoe is the caliper diameter deﬁned as the average over all angles of the distance between two
parallel lines (or calipers) that are set against the ﬂoe’s sidewalls [Rothrock and Thorndike, 1984; also see
Steele, 1992]. Analyses of satellite images and aerial photographs reveal that FSD generally obeys a power
law [Rothrock and Thorndike, 1984; Holt and Martin, 2001; Toyota et al., 2006; Steer et al., 2008]. These analyses indicate that the number of ﬂoes per unit area with caliper diameters not smaller than l, or the
(reverse) cumulative ﬂoe number distribution (CFND), can be described by a power law function N(l) / l–a,
where N(l) is the CFND and l is the caliper diameter of a ﬂoe. The signiﬁcance of the power law is the
scale invariance: there is no natural length scale, and the features look the same under arbitrary magniﬁcation. The CFND is characterized by a single exponent a over all ﬂoe sizes. The power law function is a
straight line in a log-log plot and 2a is the slope of the line. The a values are often found to vary from
1.15 to 2.90 [Rothrock and Thorndike, 1984; Holt and Martin, 2001; Toyota et al., 2006; Steer et al., 2008; Perovich and Jones, 2014], indicating varying magnitudes of ice breakups depending on wind and wave forcing and ice conditions.
The FSD is considered important to various aspects of MIZ processes. For example, FSD inﬂuences mechanical properties of the ice and thus its response to winds and ocean waves and currents [e.g., Shen et al.,
1987; Feltham, 2005], which is likely to modify the air-sea momentum transfer. FSD also has a signiﬁcant
role in lateral melting [e.g., Steele, 1992]. Because lateral melting occurs at the perimeter of ice ﬂoes, small
ﬂoes disappear more quickly than large ﬂoes, since they have more perimeter per unit area, and this modiﬁes the FSD. Lateral melting also expands the area of open water more rapidly than top or bottom melting.
More rapid shrinking of ice ﬂoes with relatively high surface albedo and expansion of open water with low
surface albedo would cause positive ice-albedo feedback that tends to enhance the surface absorption of
solar energy, elevate ocean surface warming, and accelerate ice retreat [Perovich et al., 2007, 2008; Zhang
et al., 2008]. The lateral melting rate depends on the total perimeter of ice ﬂoes occupying a given area. For
power law FSDs, the value of the total perimeter is very sensitive to the exponent of the FSD [Toyota et al.,
2006]. That is, the lateral melting rate is very sensitive to FSD.
Signiﬁcant progress has been made in modeling FSD-related MIZ processes [e.g., Dumont et al., 2011;
Williams et al., 2013a, b]. Nevertheless, much remains to be done theoretically and numerically to represent
the MIZ processes in general and to explicitly simulate the evolution of FSD in particular. Modeling the evolution of FSD as a prognostic state variable is hindered by the fact that many of the MIZ processes are not
well understood, such as wave-ice interactions, wave-induced breakup of pack ice, and mechanical ﬂoe size
redistribution. The knowledge gaps in MIZ processes make it difﬁcult to incorporate FSD into a model. This
is why many of the MIZ-relevant processes are not included in operational forecast or climate models. For
example, to our knowledge, no large-scale sea ice models are able to explicitly simulate the evolution of
FSD in the MIZ, not to mention simulating FSD and ITD jointly. The complexity and difﬁculty of capturing
the MIZ dynamic and thermodynamic processes and the combined evolution of FSD and ITD pose a signiﬁcant challenge to the operational forecasting and climate modeling community.
This study is meant to be a step forward toward incorporating FSD into large-scale dynamic thermodynamic
sea ice models that are based on the ITD theory of Thorndike et al. [1975]. We introduce a FSD theory that is
closely coupled with the ITD theory. The FSD theory includes a FSD function and an associated FSD conservation equation to describe the sea ice system in the MIZ, in conjunction with the ITD function and the
associated ITD conservation equation. An important component of the FSD theory is the description of
mechanical redistribution of ﬂoe size due to wave-induced ice fragmentation (breakup). To assess the
behavior of the FSD theory and, particularly, the properties of its mechanical ﬂoe size redistribution, the
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FSD conservation equation is incorporated into a simpliﬁed zero-dimensional ITD and FSD sea ice model,
which is integrated for a series of numerical experiments. The FSD theory is presented in section 3, after a
brief description of the ITD equation in section 2. The design of the idealized numerical experiments is
presented in section 4. In section 5, results from these experiments are examined. Conclusions are given in
section 6.

2. Brief Review of the ITD Equation
Before introducing FSD theory, it is useful to brieﬂy review the Thorndike et al. [1975] ITD theory. In the ITD
theory, the ice mass conservation is described by an ITD equation
@gh
@ðfh gh Þ
52r  ðugh Þ2
1W;
@t
@h

(1)

where gh is the ice thickness distribution function, t is time, u is ice velocity vector, fh is ice growth rate, h is
ice thickness, and W is a mechanical thickness redistribution function for ridging. The thickness redistribution function consists of two terms W5W0 1Wr , which describe the mechanical changes in ITD due to open
water creation (W0) and ridging (Wr) that transfers thin ice to thick ice categories [Hibler, 1980]. These two
terms can be written as [Thorndike et al., 1975; Hibler, 1980]
W0 5ðP21 rij e_ ij 1_e kk ÞdðhÞ

(2)

and
ð1
0
0
0
0
P21 rij e_ ij ½2PðhÞgh ðhÞ1 cðh ; hÞPðh Þgh ðh Þdh 
0
ð1
Wr 5 ð 1
;
0
0
0
0
½PðhÞgh ðhÞ2 cðh ; hÞPðh Þgh ðh Þdh dh
0

(3)

0

where P* is the ice strength, rij is the ice stress tensor, e_ ij is the ice strain rate tensor, d is the Dirac delta
function, P is the redistribution probability function specifying which categories of ice participate in ridging,
0
and cðh ; hÞ is a redistributor of the ITD. The redistribution probability function P is formulated such that
[Thorndike et al., 1975; Hibler, 1980]
ðh
0
0
PðhÞ5max ½ð12 gh ðh Þdh =cr Þ; 0;
(4)
0

where constant cr is a participation factor that speciﬁes an area fraction of thin ice to participate in ridging.
As shown in (1), the Thorndike et al. ITD theory assumes that changes in the ITD are due to ice advection,
thermodynamic growth or decay, lead opening (open water creation), and ridging. The ITD theory is augmented by an ice enthalpy distribution theory to conserve thermal energy of ice [Zhang and Rothrock,
2001, 2003]. The thickness and enthalpy distribution (TED) sea ice model can be used to integrate over multiple subgrid categories each for ice thickness and ice enthalpy [e.g., Zhang et al., 2012]. The TED sea ice
model integration also includes multiple categories of snow depth following Flato and Hibler [1995; also see
Zhang and Rothrock, 2003].

3. Theory of FSD
To derive a FSD equation, we ﬁrst deﬁne FSD as the fraction of area covered by ice ﬂoes with a caliper diameter between l and l 1 dl, such that
l1dl
ð

1
gl ðlÞdl5 rl ðl; l1dlÞ;
R

(5)

l

where gl is the FSD function, l is the caliper diameter, R is the total area of some ﬁxed region X about the
point of interest, and rl is the area in X covered by open water and ice ﬂoes with caliper diameters between
l and l 1 dl. Integrating (5) over all ﬂoe sizes gives
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gl ðlÞdl51:

(6)

0

We consider that FSD, like ITD, is subject to changes caused by ice advection, thermodynamic growth or
decay, lead opening, and ridging. With a focus on the MIZ, we further consider that FSD is subject to
changes due to fragmentation induced by waves and swell in the MIZ. Thus, we can derive a mathematical
equation to describe the FSD evolution in the MIZ such that
@gl
@ðfl gl Þ
52r  ðugl Þ2
1U;
@t
@l

(7)

where fl is the rate of change in ﬂoe size (caliper diameter l) and U is the mechanical ﬂoe size redistribution
function. The second term in (7) describes the change in FSD due to ice advection. The third term describes
the change in FSD due to thermodynamic growth or decay represented by freezing or lateral melting. The
fourth term, the mechanical ﬂoe size redistribution function, describes the change in FSD due to open water
creation or lead opening, ridging, and fragmentation.
The mechanical ﬂoe size redistribution function A is subject to a strong constraint. By integrating each
term in (7) over all ﬂoe sizes and recalling (6), we can obtain
1
ð

Udl5r  u:

(8)

0

The integral of the third term in (7) represents the change of total area (open water and ice) by thermodynamics which must be zero [Thorndike et al., 1975]. The constraint imposed by (8) allows the model to conserve areas of ice and open water during an event of ice deformation or ice breakup.
The ﬂoe size redistribution function may be separated into three terms U 5 U0 1 Ur 1 Uf, representing the
mechanical changes in FSD due to open water creation (U0), ridging (Ur), and wave-induced ice fragmentation (Uf), respectively. In order to be consistent with the open water creation term in the ITD theory (see
(2)), U0 must be given as
U0 5ðP21 rij e_ ij 1_e kk ÞdðlÞ:

(9)

Equation (9), together with (2), ensures that the amount of open water created is the same in both ITD and
FSD equations.
To derive Ur, we assume that, in each grid cell, all ﬂoes of different sizes have the same ITD. This is likely
true when a large ﬂoe is broken into smaller ﬂoes by waves. (Observations are needed to test this assumption). This assumption suggests that ridging reduces the area fractions of all ﬂoes equally. We also assume
that ridging-induced ice thickness redistribution all contributes to the changes in the area fractions of ﬂoes
or FSD. From these assumptions or simpliﬁcations, we can derive
ð1
Ur 5 Wr dh  gl 52P21 rij e_ ij gl ;
(10)
0

where the integral of Wr over all ice thicknesses results in 2P21 rij e_ ij , when (3) is considered.
The ice fragmentation term Uf is also subject to a constraint. Because there is no change in total area when
ice is fractured, it must satisfy
ð1
Uf dl50:
(11)
0

To derive the ice fragmentation term, we consider that area redistribution occurs during ice breakup such
that the area of a given ﬂoe size category loses some amount to other ﬂoe size categories and at the same
time gains some amount from other categories. This can be described by
ð1
0
0
0
0
Uf 52QðlÞgl ðlÞ1 bðl ; lÞQðl Þgl ðl Þdl ;
(12)
0
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where Q(l) is the redistribution probability function specifying whether ice fragmentation takes place and
what categories are to participate in the breakup processes, and b(l1, l2) is a redistributor of FSD. Similar to
the redistributor of ITD c(h1, h2) in (3), the redistributor of FSD b(l1, l2) speciﬁes how ice is transferred from
one ﬂoe size category to another by breaking, and b(l1, l2)dl2 can be taken as the area of ice put into the
ﬂoe size interval [l2, l2 1 dl2] when a unit area of ice of ﬂoe size l1 is used up. To satisfy (11), b is subject to
the following constraint:
ð1
0
bðl ; lÞdl51:
(13)
0

Once (11) is satisﬁed, (8) is automatically satisﬁed, which can be veriﬁed by the integral of U0 1 Ur 1 Uf over
all ﬂoe sizes.
The redistributor of FSD b is an unknown in the redistribution theory, except that it must satisfy (13) mathematically. However, satellite images and aerial photographs of ice ﬂoes of varying sizes [e.g., Rothrock and
Thorndike, 1984; Holt and Martin, 2001; Steer et al., 2008; Toyota et al., 2006, 2011] indicate that ice fragmentation caused by stochastic ocean surface waves is likely to be a random process such that when a piece of
ice is broken, it is likely to become ﬂoes of any size smaller than the original ﬂoe size. No particular size category is favored against other size categories during the breakup processes. In other words, when an area of
a given ﬂoe size category is destroyed, the area is redistributed equally to all other categories of smaller
size. This leads us to construct a redistributor that allows the area of a given ﬂoe size l1 to be transferred to
the area of any ﬂoe size l2 between c1l1 and c2l1 during breakup such that
(
1=ðc2 l1 2c1 l1 Þ; if c1 l1  l2  c2 l1
bðl1 ; l2 Þ5
(14)
0;
if l2 < c1 l1 or l2 > c2 l1
where c1 and c2 are the lower-end and higher-end ﬂoe size redistribution cutoff constants, respectively.
The ﬂoe size redistribution cutoff constants satisfy 0 < c1 < c2 < 1 to reﬂect the fact that, when ice fragmentation occurs, bigger ﬂoes are broken into smaller ones. To determine the values of these constants, we rely
on the assumption that ice breakup and the ensuing ﬂoe size redistribution is a random process that does
not favor or exclude any size categories. This assumption requires that when ﬂoes of any size are broken,
ﬂoes of any smaller sizes must be able to form. In other words, in a sea ice model that involves a ﬁnite number of ﬂoe size categories, the minimum size considered in the model must be able to form. This suggests
that c1 5 lmin/lmax, where lmin is the center of the smallest size category in the model and lmax is that of the
largest size category. Furthermore, for simplicity we allow c2 5 1 – c1 to ensure that a range of other ﬂoe
size categories would also beneﬁt from the breakup.
As mentioned above, the redistribution probability function Q in (12) speciﬁes whether ice breaks and, if so,
which categories are to participate in the redistribution of FSD. It is another unknown in the redistribution
theory. However, the use of the redistribution probability function P for ridging in (4) suggests that Q be
given by
ð1
0
0
QðlÞ5max ½ð12 gl ðl Þdl =cb Þ; 0;
(15)
l

where constant cb is a participation factor that speciﬁes an area fraction of ice to participate in breaking.
Here we consider the range of the participation factor generally to be 01  cb < 1, where 01 is a positive
number approaching zero, say, 10212. When cb 5 01, Q becomes zero, and no ice fragmentation occurs.
When the value of cb is greater than 01, it allows an area fraction of ice to break and to participate in the
redistribution of FSD.
While describing two different physical processes, the formulas for P and Q are similar in form. However,
when ridging occurs, P gives a higher probability for thinner ice to transfer to thicker ice. When breakup
occurs, on the other hand, Q gives a higher probability for ice of larger sizes to transfer to ice of smaller
sizes. In fact, (15) speciﬁes that a cb area fraction of ice with the largest ﬂoe sizes is preferentially fragmented
during a breakup event. This preference is based on ﬁeld observations or model analyses that when waves
propagate into ice, larger ﬂoes are easier to break because they are subject to larger ﬂexure-induced
stresses or strains, while smaller ﬂoes are likely to ride with waves with little bending [e.g., Meylan and
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Table 1. The Lower and Upper Limits, Widths, and Centers, All in m, of
the Floe Size Categories Partitioned Following a Gaussian Distributiona
Category
Number

Lower
Limit

Upper
Limit

Width

Center

1
2
3
4
5
6
7
8
9
10
11
12

20.1
0.1
10.2
40.2
99.8
199.1
347.9
556.0
833.1
1189.2
1633.9
2176.8

0.1
10.2
40.2
99.8
199.1
347.9
556.0
833.1
1189.2
1633.9
2176.8
2827.7

0.2
10.1
30.0
59.6
99.3
148.8
208.1
277.1
356.1
444.7
542.9
650.9

0.0
5.2
25.2
70.0
149.5
273.5
451.9
694.5
1011.2
1411.5
1905.3
2502.2

10.1002/2015JC010770

Squire, 1994; Squire et al., 1995]. It is also
based on simple reasoning: in a given area
under the forcing of waves, winds, and currents, larger ﬂoes have higher areal coverage
and therefore higher probability to break
than smaller ﬂoes, assuming all ﬂoes have
the same ITD.

Thus, the participation factor cb in the redistribution probability function Q plays a
prominent role in determining whether
wave-induced ice fragmentation takes place
and what area fraction of ice ﬂoes of large
sizes is allocated to participate in the
a
mechanical ﬂoe size redistribution. Needless
Floe size is described by caliper diameter l.
to say, the value of cb depends on wave conditions, which in turn depend on wind
speed and fetch (the distance of open water over which winds is blowing) [e.g., Squire et al., 1995; Thomson
and Rogers, 2014]. It also depends on sea ice conditions because wave propagation and attenuation under
ice are affected by ITD and FSD which also control the ﬂexural strength and hence the bending failure of
sea ice in the MIZ [Wadhams et al., 1988; Squire et al., 1995, 2009; Kohout and Meylan, 2008; Dumont et al.,
2011; Meylan et al., 2014]. In other words, the value of cb is a function of ITD, FSD, waves, and wave-ice interactions. In particular, under certain conditions such as calm winds, small waves, or ice of sufﬁciently strong
ﬂexural strength, the value of cb would be set to 01 to reﬂect the fact that no ice breakup occurs.

4. Numerical Experiments
In this study, we do not attempt to quantify the relationship between the participation factor cb and ITD,
FSD, waves, and wave-ice interactions. Rather, through a series of simpliﬁed numerical experiments, we
explore the FSD theory’s behavior in mechanical ﬂoe size redistribution and resulting FSD in various idealized scenarios of ice fragmentation associated with different values of cb. This gives a qualitative picture of
whether the theory and its numerical implementation are able to create features of ice ﬂoes often observed
in the MIZ. It would also give us clues about the possible range of cb values in the real world under varying
sea ice and wind and wave forcing conditions. We also explore other properties of the mechanical ﬂoe size
redistribution in the FSD theory, including model sensitivity to the partition of the ﬂoe size categories, to
the ﬂoe size redistribution cutoff constant c1, and to ridging and open water creation.
In order to focus on the properties of mechanical ﬂoe size redistribution due to wave-induced ice fragmentation,
the ice advection (the second) and thermodynamic (third) terms in (7) are ignored. Future work needs to consider advective and thermodynamic contributions. The simpliﬁed (7) (without advection and thermodynamics) is
then implemented numerically in an idealized zero-dimensional ITD and FSD sea ice model which aims only at
the processes of mechanical ﬂoe size redistribution described by U. In the numerical experiments with the idealized sea ice model, the ITD equation (1) is not actually computed. However, we assume (1) provides the area fraction of open water and ridging term (W) for the integration of the simpliﬁed (7). The numerical implementation
of (7) requires discretization in the ﬂoe size (l) domain to create ﬂoe size categories. To examine the model
behavior with the partition of ﬂoe size categories, (7) is discretized in the l domain following two partitions.
Partition 1 has M 5 12 ﬂoe size categories, partitioned following a Gaussian distribution [see Hibler, 1980,
Appendix C] to obtain a ﬂoe size mesh that varies smoothly in space (Table 1). Here M is the total number of
categories used in the model. Using this method, the widths and centers of the ﬂoe size categories increase
toward the high end of the partition following the Gaussian distribution. The ﬁrst ﬂoe size category has a zero
center, l1 5 0, representing the open water category (Table 1). The second ﬂoe size category has the smallest
nonzero center, l2 5 lmin 5 5.2 m. The 12th category, or category M, has the largest center,
l12 5 lmax 5 2502.2 m. Thus, using 12 categories, Partition 1 is able to resolve relatively small ﬂoes while including large ﬂoes up to 2.5 km in caliper diameter. As shown in section 3, the centers of the smallest and largest
categories (categories 2 and M) are used to determine the redistribution cutoff constant c1 in (14).
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Some observational studies partitioned ﬂoe size categories with a uniform width [e.g., Rothrock and Thorndike, 1984]. This is followed for Partition 2 which has M 5 28 ﬂoe size categories. With the exception of the
ﬁrst category that is the same as Partition 1 for open water, all the other categories with Partition 2 are
speciﬁed to have a uniform width of 100 m. As a result, the second ﬂoe size category has the smallest center, l2 5 lmin 5 50.1 m, while the 28th category (category M) has the largest center, l28 5 lmax 5 2650.1 m.
This means that the ﬂoe size range covered by Partition 2 is close to that covered by Partition 1 whose largest category center is lmax 5 2502.2 m, as shown above. Although Partition 2 has more categories, its lmin is
almost 10 times larger than the lmin in Partition 1, thus having a coarser resolution for small ﬂoes and larger
redistribution cutoff constant c1. Both partitions are implemented in the simpliﬁed (7) for a series of idealized numerical experiments listed below:
1. To examine the model sensitivity to varying values of participation factor cb, representing varying magnitudes of ice breakups, the model is integrated with three different values of cb 5 0.05, 0.10, and 0.50,
which remain unchanged in all ice breakup events (section 5.1).
2. Additional experiments related to cb are conducted to mimic varying fragmentation scenarios that might
occur in the wake of storms, in which the values of cb decrease in some breakup events because of, for
example, weakening winds (section 5.2).
3. To examine the model sensitivity to varying degrees of ridging described in (10), two numerical experiments are conducted. One assumes that in a given MIZ area there is a 10% reduction in ice area due to
ridging, and the other 20% (section 5.3).
4. To examine the model sensitivity to varying redistribution cutoff constant c1, two more numerical experiments are conducted in which c1 is chosen to be l3/lmax and l4/lmax, respectively (section 5.4).

5. Results
In all the numerical experiments mentioned above, the simpliﬁed (7) (without advection and thermodynamics) is integrated over a succession of ice breakup events, with the initial ice ﬂoe condition speciﬁed
to consist of only those within category M with a center of lmax. Other initial ice ﬂoe conditions are possible, such as those with ﬂoes in a number of categories. However, in the simpliﬁed numerical experiments,
we are focusing on the spring-to-summer breakup of the ice, when the ice cover often starts out as one
big plate and breaks into pieces under mechanical forcing. Different ice ﬂoe conditions are represented
in the evolution of FSD associated with the succession of ice breakups. The ice breakup events are
assumed to occur in a typical, ﬁxed MIZ area, which consists of a fraction of open water, with the rest
covered by sea ice. Here for simplicity the area fraction of open water is ﬁxed to be a constant of 0.2 for
all numerical experiments. This number was chosen based on Doble and Bidlot [2013] who use it as a
threshold below which pack ice is allowed to break in their wave model simulations. Note, however, that
choosing a different area fraction of open water does not fundamentally change the outcome of the
experiments.
5.1. Model Behavior With Varying Participation Factors and Partitions of Floe Size Categories
Figure 1 shows changes in FSD after varying numbers of ice breakup events from those experiments that
use different values of participation factor cb. After the ﬁrst ice breakup (black color in Figure 1), the area
fraction of the ﬂoes in category M, with a center of lmax, is reduced from the initial value of 0.8. The rate of
decrease depends on the levels of ice fragmentation represented by different values of cb used. The area
lost in category M is redistributed to other categories of smaller sizes. In the following breakups (colors
other than black in Figure 1), the area in category M continues to shrink, redistributed further to other categories. Meanwhile some areas of other categories that also have ﬂoes of relatively large sizes, such as categories M21 and M22, are also transferred to those of smaller sizes.
As more breakups occur, the area fraction of category M would be depleted, followed by category M21,
category M22, and so on (Figure 1). Eventually, the region would be dominated by those categories of
smaller ﬂoe sizes. This is illustrated by the case of cb 5 0.5 that rapidly redistributes ﬂoe size from the high
end of FSD to the lower end (Figures 1c and 1f). In fact, the ice ﬁeld is left with only those ﬂoes in category
2, the smallest ﬂoes allowed in the model, after 30 breakups. For smaller levels of fragmentation (cb 5 0.05
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Figure 1. FSD in area fraction, glDl, after varying numbers of ice breakups, calculated with different ﬂoe size category partitions and participation factors of ﬂoe size redistribution. Black,
blue, green, yellow-green, and red lines and circles represent the ﬁrst (initial), 10th, 20th, 30th, and 40th ice breakup, respectively. The area fraction of open water category (l1 5 0) is not
plotted.

and 0.10), additional breakups are necessary to reach the stage in which ﬂoes become small enough to be
all included in category 2.
Because the center and width of category 2 with Partition 1 are smaller than those with Partition 2 (section
4), the case of Partition 1 generally needs more breakups to reach that stage in which areas of ﬂoes of different sizes are all redistributed into category 2. Using cb 5 0.5, for example, it takes 30 breakups with the
case of Partition 1 to reach that stage (Figure 1c, red color overlapping green-yellow color), while it takes
20 breakups with the case of Partition 2 (Figure 1f, red color overlapping green and green-yellow colors).
Once reaching that stage, the case of Partition 1 would have ﬂoes with a mean size of 5 m, while the case
of Partition 2 would have ﬂoes with a mean size of 50 m.
Note that in the case of Partition 1, when the area of the largest category, category M, is reduced due to
fragmentation, most of the lost area is redistributed to the second largest category, category M21 (Figures
1a–1c). If there is area lost in category M21, most of it is transferred to category M22, and so on. With Partition 2, on the other hand, area lost in a category beneﬁts all categories of smaller sizes almost equally
because of the uniform width of the ﬂoe size category partition (Figures 1d–1f). This behavior reﬂects the
principle in the FSD theory that when a ﬂoe is broken, it disintegrates into ﬂoes of any size smaller than the
original size without favoring or excluding any particular size. Although appearing different from Partition 2,
the mechanical ﬂoe size redistribution with Partition 1 does not violate this principle because the widths of
its categories increase toward the high end of the partition, with wider categories gaining more area (or
more ﬂoes) than narrow ones in a breakup event.
Corresponding to Figure 1, Figure 2 shows changes in (reverse) cumulative FSD after varying numbers of ice
breakup events. The cumulative FSD (CFSD) is deﬁned as the area distribution of ﬂoes with caliper diameter
Ð1
0
0
not smaller than l, or CFSD 5 l gl ðl Þdl . Unlike FSD curves (Figure 1), CFSD curves differ little in appearance
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Figure 2. Similar to Figure 1, but with cumulative FSD in area fraction.

between the two sets of partition cases (Figure 2). This is because CFSD is an integration of FSD and therefore
does not depend on the widths of the categories, while FSD (in area fraction described by glDl) does.
Corresponding to Figures 1 and 2, Figure 3 shows changes in CFND or N after varying numbers of ice
breakup events. CFND is not a model prognostic variable, but a diagnostic parameter calculated based on
Ð1
0
02
0
FSD, such that NðlÞ5 l gl ðl Þ=ð0:66l Þdl , where 0.66l2 is the area of a ﬂoe with caliper diameter l following
Rothrock and Thorndike [1984]. The log-log plots in Figure 3 indicate that the simulated CFND curves mostly
obey a power law, whether after an initial breakup (black color), or after varying numbers of breakup events
(colors other than black), with either partition cases. This qualitatively agrees with observations [e.g., Rothrock and Thorndike, 1984; Holt and Martin, 2001; Toyota et al., 2006; Steer et al., 2008]. This is also consistent
with the power law behaviors in some random-breaking models [e.g., Newman, 2005]. Our power law model
results are a direct consequence of the breakup scheme that redistributes large ﬂoes to smaller ﬂoes.
Except the initial breakup (black color), the CFND curves generally show a steeper descent at or near the high
end of the ﬂoe size range (Figure 3). This ‘‘falloff’’ from a power law in the model is due to decreasing number,
and ultimately disappearance, of ﬂoes of large sizes as ice continues to break. Observations of CFND often show
a steeper descent also, which is likely due to the same reason or due to limitations of data sampling [Pickering
et al., 1995; Burroughs and Tebbens, 2001; Lu et al., 2008]. A steeper descent in CFND at the high end of the ﬂoe
size range may be described by an upper truncated power law [Pickering et al., 1995; Burroughs and Tebbens,
2001; Lu et al., 2008]. Away from the falloff zones, the model simulated CFND curves follow a power law with generally straight lines of varying slopes, depending on participation factors and ﬂoe size category partitions.
Because the property of a power law is uniquely deﬁned by the absolute value of its exponent a (or slope in
log-log space), here we examine a to assess the behavior of the simulated power law. Figure 4 shows
changes in slope in a series of consecutive ice breakup events. To avoid the falloff zones as much as possible, the slope in each case is calculated over the ﬁrst four ﬂoe size categories (categories 2–5) if there are at
least ﬁve categories (categories 2–6) that have ﬂoes (not depleted). In other words, as the categories of
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Figure 3. Similar to Figure 1, but with cumulative ﬂoe number distribution (CFND, N).

Figure 4. Changes in a in a succession of ice breakups, calculated using different ﬂoe size category partitions and participation factors of ﬂoe size redistribution.
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Figure 5. Changes in mean caliper diameter in a succession of ice breakups, calculated using different ﬂoe size category partitions, and participation factors of ﬂoe size redistribution.

large ﬂoes are destroyed one by one in the consecutive breakup events, the slope calculation stops whenever category 6 has no ﬂoes. This is why most of slope curves stop short in Figure 4. The calculated slope
values generally fall into the range of 1.15–2.90 found by observational studies [Rothrock and Thorndike,
1984; Holt and Martin, 2001; Toyota et al., 2006; Steer et al., 2008; Perovich and Jones, 2014]. For smaller levels
of fragmentation (cb 5 0.05 and 0.10), the slope values are below 1.0 in the ﬁrst few breakup events before
climbing above 1.0 (Figures 4a, 4b, 4d, and 4e). For a strong level of breakup (cb 5 0.50), the slope values
are closer to or above 1.0 right after the ﬁrst breakup and would increase rapidly afterward, but still remaining below 2.0 or 2.5 within the observational range (Figures 4c and 4f).
Figure 5 shows the evolution of mean ﬂoe size or caliper diameter in a series of consecutive ice breakup
Ð1
Ð1
events. Here mean ﬂoe size is deﬁned by lm 5 0 gl ðlÞldl. Like mean ice thickness hm 5 0 gh ðhÞhdh, mean
ﬂoe size is an important measure, in addition to FSD, to describe variable ﬂoe sizes in a given area. As ice
continues to break, lm decreases, approaching the center of category 2 (l2) at a varying pace, depending on
the level of each breakup event. Ultimately, the ice ﬁeld is left with the smallest ﬂoes within category 2.
An important feature is that the evolution of the mean ﬂoe size lm in either partition is basically the same
(two curves almost overlapping in each panel of Figure 5). This indicates that the simulation of ﬂoe size
redistribution and the resulting FSD and mean ﬂoe size do not depend on ﬂoe size category partitions, as
long as the ﬂoe size ranges covered by the partitions are about the same. In fact, if we regroup the FSDs calculated with Partition 1 (Figures 1a–1c) into the categories of Partition 2, the regrouped FSDs would be similar to those calculated with Partition 2 (Figures 1d–1f). This is not true, however, if the ﬂoe size ranges in
these two partitions differ substantially.
5.2. Model Sensitivity to Varying Breakup Scenarios in the Wake of a Storm
The rapid ﬂoe size redistribution with cb 5 0.50 is an indication of strong fragmentation (Figures 1–5), which is
most likely to occur during storms. Here we conduct three numerical experiments to mimic different breakup scenarios that might occur in the wake of a storm. In these experiments, the initial breakup is all calculated with the
value of cb 5 0.5, representing a large-scale breakup event at the height of a storm. However, the value should
decrease afterward to represent possible changes in the air-ice-ocean conditions in the aftermath of a storm, such
as reduced winds or waves and smaller ﬂoes that are subject to less bending. In the ﬁrst experiment of varying cb
(called V1 here), the second through fourth breakups are calculated with cb values of 0.4, 0.3, and 0.2, respectively,
and all the following breakups are calculated with 0.1. In the second experiment (V2), the second through ﬁfth
breakups are the same as V1, but all the following breakups are calculated with a value of 0.05. In the third experiment (V3), the second through sixth breakups are the same as V2; after that, no breakups are allowed by setting
cb 5 01. Since the evolution of mean ﬂoe size in the FSD theory does not depend on ﬂoe size category partitions
(Figure 4), only Partition 1 is used in these experiments as well as those presented in following sections.
With varying values of cb mimicking the different fragmentation scenarios in the wake of a storm, the slope
curves from these three cases drift apart after an initial overlap (Figure 6). It is expected that V1 has a largest
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slope than the other two cases because of the largest
cb value (0.1) used for the follow-up breakups after the
storm. However, most of the slope values stay above
1.0 and below 1.3. The V3 case is of particular interest.
This is because it shows the model is able to prevent
ice breakup from happening, as designed in the FSD
theory, through the redistribution probability function
Q with a zero participation factor. This allows the
model to effectively handle the conditions under
which no ice fragmentation would take place, such as
calm winds and small waves or strong ﬂexural strength
of ice.
5.3. Model Sensitivity to Varying Degrees of Ice
Ridging
In addition to ice fragmentation, ice deformationinduced ridging may also cause mechanical
redistribution of ﬂoe size (described in (10)), while
open water creation affects the area fraction of the open water category (described in (9)). As
described in section 4, two numerical experiments are conducted under the assumption that ice ridging causes a reduction of ice area by 10% and 20%. Note that ridging and open water creation are
normally calculated by (1). However, in the simpliﬁed sea ice model, (1) is not actually integrated. We
just assume that the ridging-induced changes in ice area are provided by (1) in these experiments.
Figure 6. Changes in a in a succession of ice breakups from
three numerical experiments using different values of redistribution participation factor, decreasing from the initial value
of 0.5, to mimic different scenarios of ice fragmentation in
the wake of a storm.

The ridging-induced reduction in ice area means an open water creation by an equal amount. In other
words, in these two experiments, the area fraction in the open water category of the FSD is increased by
10% or 20% from the original value of 0.2. The ridging-induced reduction in ice area leads to a reduction in
area fraction of all ﬂoe size categories (Figure 7). The amount of area reduction in each category is proportional to the area fraction of that category, as described in (10). The case of stronger ridging (20% reduction
in ice area) leads to more area reduction across all categories, as expected (Figure 7b). Note that, unlike ﬂoe
size redistribution due to ice breakup, the ice ridging-induced ﬂoe size redistribution assumes no transfer of
areas from categories of larger sizes to those of smaller sizes. In other words, no ﬂoes of larger sizes break
into smaller ﬂoes during ridging. Because ridging does not change ﬂoe numbers, there is no change in the
value of the exponent a.
5.4. Model Sensitivity to Varying Redistribution Cutoff Constants
In the FSD theory, the redistribution cutoff constant c1 determines the range of ﬂoe size redistribution in case
of ice fragmentation and is set to c1 5 lmin/lmax 5 l2/lmax. This ensures that, when an ice ﬂoe is broken, categories of smaller sizes all gain ﬂoes from the breakup, including the smallest ﬂoe size category (Figure 8a). As
described in section 4, two more numerical experiments are conducted in which c1 is chosen to be l3/lmax and

Figure 7. Changes in FSD (dotted line) due to (a) 10% and (b) 20% reductions in ice area induced by ridging.
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Figure 8. Similar to Figure 3, but with different redistribution cutoff constants c1 and the same participation factor cb and Partition 1. For comparison, Figure 8a is a repeat of Figure 3b.

l4/lmax. This means that for the case of c1 5 l3/lmax, the second ﬂoe size category with the smallest center l2
may not gain ﬂoes when large ﬂoes are broken. From the standpoint of physics, this represents a scenario in
which large ﬂoes are broken into ﬂoes of many smaller sizes, but not into ﬂoes of the smallest sizes. This is
reﬂected in a ‘‘ﬂattening-out’’ from category 3 to category 2 in the log-log plot of CFND (Figure 8b). For the
case of c1 5 l4/lmax, both the second and third categories may not gain ﬂoes when larger ﬂoes are broken. This
is reﬂected in a ﬂattening-out from category 4 to category 2 (Figure 8c). This ﬂattening-out at the lower end
of ﬂoe size range leads to a local deviation from a power law. In satellite or airborne image analyses of ice
ﬂoes, similar ﬂattening-out may occur if small ﬂoes within a prescribed ﬂoe size range are not identiﬁed
because of limitations of image resolution [Holt and Martin, 2001]. In other words, excluding categories at the
lower end of the ﬂoe size range mimics the resolution limitations in observations, which needs to be avoided
whenever possible.

6. Concluding Remarks
Sea ice in the MIZ consists of ﬂoes of varying thicknesses and sizes and therefore is better represented by
both ITD and FSD. We have developed a FSD theory that is coupled to the ITD theory of Thorndike et al.
[1975] in order to explicitly simulate the evolution of FSD and ITD jointly. The FSD theory includes a FSD
function and an FSD conservation equation in parallel with the Thorndike et al. ITD equation. The FSD equation describes changes in FSD caused by ice advection, thermodynamic growth, and lateral melting. It also
incorporates changes in FSD caused by mechanical ﬂoe size redistribution due to ice ridging induced by ice
deformation and fragmentation induced by stochastic ocean surface waves.
The description of mechanical ﬂoe size redistribution due to ice ridging and fragmentation is challenging
because of our knowledge gaps in various MIZ processes such as ice deformation, wave-ice interactions,
properties of ice ﬂexural strength, and patterns of ice breakup. This FSD theory is based on three fundamental assumptions:
1. Ice ridging-induced ﬂoe size redistribution is based on the assumption that, at a given area of interest, all
ﬂoes of different sizes have same ITD, which is likely true when a large ﬂoe is broken into smaller ﬂoes by
waves. This assumption suggests that ridging reduces the area fractions of all ﬂoes equally, without area
transfer from categories of large ﬂoe sizes to those of smaller sizes.
2. Ice fragmentation-induced ﬂoe size redistribution is based on the assumption that wave-induced breakup
is a random process such that when an ice ﬂoe is broken, ﬂoes of any smaller sizes have an equal opportunity to form, without being either favored or excluded.
3. Ice fragmentation-induced ﬂoe size redistribution is also based on the assumption that ﬂoes of larger
sizes are easier to break because they are subject to larger ﬂexure-induced stresses and strains; larger
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ﬂoes also have higher areal coverages and therefore higher probabilities to break than smaller ﬂoes. (This
is controlled by the participation factor cb.)
One feature of the FSD theory is that there is only one tunable parameter, the participation factor cb. The participation factor cb plays a prominent role in determining whether wave-induced ice breakup occurs and, if so, how
many ﬂoes of large sizes are to participate in the mechanical ﬂoe size redistribution. The value of cb is linked to
wave conditions that depend on wind speed, fetch, and wave-ice interactions. It is also linked to sea ice conditions because ITD and FSD not only affect wave propagation and attenuation under ice but also control the ﬂexural strength and hence the bending failure of sea ice in the MIZ. Thus, cb is a function of ITD, FSD, waves, and
wave-ice interactions. The relationship between cb and ITD, FSD, waves, and wave-ice interactions needs to be
established through observations or model experiments. This study is not aimed to quantify such a relationship.
It is aimed to explore the FSD theory’s behavior in mechanical ﬂoe size redistribution and resulting FSD in various
scenarios of ice fragmentation associated with different values of cb. This gives us ideas qualitatively on whether
the theory is able to create features of ice ﬂoes often observed in the MIZ. It also give us clues about the possible
range of cb values in the real world under varying sea ice and wind and wave forcing conditions.
To this end, the FSD theory is implemented in a simpliﬁed ITD and FSD sea ice model (no advection or thermodynamics) for a series of idealized numerical experiments with different cb values and ﬂoe size category partitions. The model results show that the simulated CFND follows a power law as observed by satellites and
airborne surveys. The simulated CFND obeys a power law whether after an initial breakup or after varying number of breakups. Most importantly, the simulated values of the exponent of the power law, with varying scenarios of ice fragmentation represented by different cb values, are generally in the range of the observations. This
indicates that the FSD theory is in a position to realistically simulate power law obeying FSD in the MIZ.
The assumption that wave-induced breakup is a random process without favoring or excluding ﬂoes of any
smaller sizes plays a key role in obtaining the FSD obeying a power law, as is often the case with randombreaking models. It is found, however, that the simulated CFND would deviate from a power law if categories at
the lower end of the ﬂoe size range are excluded from participating in redistribution. In other words, if the categories of smallest ﬂoes do not gain ﬂoes when larger ﬂoes are broken, a deviation from a power law is likely to
occur locally, with CFND curves ﬂattening out over those categories. A similar deviation may occur in satellite or
airborne image analyses of ice ﬂoes if small ﬂoes within a prescribed ﬂoe size range are not identiﬁed because of
the limitations of image resolution. This suggests the necessity to resolve as many small ﬂoes as possible to avoid
a deviation from a power law behavior, either in observational analyses or in model simulations.
It is also found that the simulated CFND deviates from a power law by showing a steeper descent at the
high end of the ﬂoe size range. This is a normal model outcome because of decreasing number, and ultimately disappearance, of ﬂoes of large sizes as ice continues to break. The falloff from a power law is often
seen in observation-derived CFND, which is likely due to the same reason or due to limitations of data sampling. In some previous studies, the observed falloff behavior at the high end of the ﬂoe size range is
described by an upper truncated power law. Here the upper truncated power law is replicated in the model.
Another feature of the FSD theory is that mechanical ﬂoe size redistribution and the resulting FSD and
mean ﬂoe size do not depend on how ﬂoe size categories are numerically partitioned over a given ﬂoe size
range. The theory’s independence from ﬂoe size category partitions over a given ﬂoe size range and particularly its creation of the power law obeying FSD seen in nature pave the way to incorporate it into largescale dynamic thermodynamic sea ice models that are based on the ITD theory of Thorndike et al. [1975].
The ability to explicitly simulate multicategory FSD and ITD together may open a door for incorporating
additional model physics, such as FSD-dependent ice mechanics and surface exchange of heat, mass, and
momentum. The FSD equations also provide a general framework for developing next generation sea ice
models to include modeling components to explicitly simulate waves, wave-ice interactions, and waveinduced ice fragmentation in and around the MIZ.
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